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tochastic-Time Optimal-Control Systems 


MASANAO AOKI 


NONMEMBER AIEE 


ONTROL SYSTEMS which are so 
designed that the control system out- 
become identical with the control 
tem inputs in the minimum amount of 
e are known as ‘‘time optimal-control 
tems.’’ In other words, a_ time 
imal-control system is one which, 
en the final desired state, moves from 
initial state to the final state in the 
dimum time. The final state may be 
origin of the phase space in which the 
e of a control system is represented by 
point. In general, however, the de- 
bd final state will be a function of time. 
ce essential complications enter into 
problem when the desired state of a 
trol system is a function of time, only 
problem with the origin as the desired 
e will be considered in this paper. 
ime optimal-control systems possess 
tures which have attracted the atten- 
n of several investigators; Bushaw,! 
Iman, Glicksburg, and Gross,? Gam- 
lidze,* Pontryagin,¢ and LaSalle,® 
ong others. 
Dne feature concerns the utilization of 
so-called “‘bang-bang,” or maximum 
, type of control forces. Fora linear 
erministic control system, LaSalle 
bwed, among other things, that under 
able assumptions if there is an 
imal control force, then there is al- 
ys a bang-bang type of control force 
tis optimal. 
Another feature of interest is the fact 
t the criterion of control is implicit. 
at is, in a time optimal-control system, 
criterion of performances is the time 
wired to reach the desired final state 
the initial state and this time is de- 
ident upon control actions of the sys- 
h in a complicated way. ‘Therefore, 
explicit expression of the criterion func- 
is generally not available. This 
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point is important if an optimal sequence 
of control actions is sought by formulating 
control processes as multistage decision 
processes. 

Dynamic programming provides a 
powerful investigation tool for multistage 
decision processes, since the functional 
equation techniques apply to nonlinear 
control systems and with suitable modi- 
fication of criteria of performances to non- 
deterministic control systems as well, 
whereas most of the work on time optimal- 
control systems so far has been con- 
cerned with deterministic, linear, or quasi- 
linearized systems. 

Functional equations are written in 
terms of criterion functions of control 
processes. If the criteria are implicit, the 
resulting functional equations are, in gen- 
eral, more difficult to solve analytically. 
When analytic solutions are not easily 
available, computational solutions may be 
necessary. 

In this paper, optimal sequences of 
control forces are investigated for a linear 
time optimal system with random dis- 
turbances, using functional equation 
techniques of dynamic programming. 
Computational solutions of resulting func- 
tional equations are also discussed. In 
sections dealing with computational solu- 
tions, control forces are restricted to a 
finite number of values. This does not 
mean, however, that in stochastic-time 
optimal-control systems bang-bang-type 
control forces are optimal. 


Stochastic-Time Optimal 
Processes 


Roughly speaking, there are two ways 
by which random variables enter into 
control processes. One way is via random 
disturbances 7 contaminating the ideal 
input signal sto the system. That is, the 
actual input to the system is some func- 
tion of sand 2, h(s,n). The most common 
situation is where h(s,n)=s-++n. (If some 
function of error, such as a mean-square 
error, is to be minimized—which is the 
usual situation—under certain assump- 
tions, an optimal predictor followed by a 
bang-bang controller is an optimal con- 
trol configuration.7*) The other is the 
situation where some parameters entering 
into control systems exhibit randomness. 
That is, controi systems are assumed to 
to contain some noisy components. 


In the absence of randomness, with the 
origin of the phase space as the desired 
final state, the existence of switching hy- 
perplane in the phase space is well known 
for bang-bang systems. Because of 
random elements in the control systems, 
however, for a given initial point and a 
desired final point in the phase space, 
points where the control forces change 
sign and consequently the time required 
to reach the desired state will no longer 
be definite but will be random variables. 

One of the natural extensions of criteria 
of performances to stochastic control sys- 
tems is, therefore, the expected time re- 
quired to reach the origin from the given 
initial point in the phase space. Con- 
trol systems with this criterion of perform- 


_ance will try to minimize the expected 


time to reach the origin. An optimal 
policy here consists of a sequence of con- 
trol forces which minimizes this expected 
time. 

Another criterion of performance, per- 
tinent to stochastic-time optimal prob- 
lems, is the probability of reaching the 
origin (or «neighborhood thereof) in the 
next ¢ seconds, given the present state of 
the system, i.e., the present position of 
the system in the phase space. Control 
systems with this type of performance 
criterion, therefore, would try to maxi- 
mize this probability.? An optimal policy, 
here, consists of a sequence of control 
forces which maximizes this probability. 

In this paper, the criterion of perform- 
ance is taken to be the expected time. 
Random variations in system parameters 
will be assumed which are independently 
and identically distributed for each time 
instant. 


Functional Equation Formulation 


Consider a general control system 
described by the differential equation: 


s=As+Bu+f (1) 


where 


s=n-dimensional state vector of the system 

u=r-dimensional control force of the system 

f=n-dimensional disturbing force of the 
system 

A=n-by-n matrix, some elements of which 
may exhibit random variation with 
time 

B=n-by-r matrix, some elements of which 
may exhibit random variation with 
time 


In the following, the time discrete sys- 
tem will be considered, either because the 
system is of the sampling control type or 
because time must be quantized in order 
for a computational solution to be ob- 
tained. 

With elementary time step A#, the 
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differential equation becomes the differ- 
ence equation: 


Sn41=Csp+Duntvn (2) 
where 

Sn =s(nAt) 

uy, =u(nAt) 

Vn =At.f(nAt) 

C=At.A4+I 

I DSi, 18) 


T=n-by-n unit matrix 


That is, if the present state of the 
system is s,, the next state is given by 
Sni1. Since C, D, and v, may contain 
components with random variations, 
Sn+1 Will, in general, be a random variable. 

Define 


g(s)=expected minimum time required to 
reach the state at the origin 0 starting 
from the initial state s following an 
optimal policy 


Then 
2(0)=0 


Noting the fact that if the present state 
is given by s, then the next possible state 
of the control system, s’, after At elapses 
is given by equation 2 with s,=s, the 
application of the principle of optimality® 
gives the functional equation for g(s): 


(s)=min[ar+ Ef 4(s'}] (3) 


= At-++min E{ g(s’)} 
u 


where the expected value operator E is 
taken over the possible next state s’, which 
can be seen from equation 2 to be the 
function of the present state vector s, 
control force u, and random variables in 
the form of v or C and D. 

For example, if the control system is 
second order and is subjected to a step 
input, then s has two components, the 
error e and the error derivative é, and the 
next state s’ is given by 


e’=¢1(e, é, u, a) (4) 


é’ =¢,(e, é, u, a) 


where ¢; and ¢» are linear in e and é, u 
is the control force, and a is used to repre- 
sent the effects of random variations in 
the next state. 

If the random disturbance in equation 2 
is such that for any fixed s and u, there 
are two possible next states st and s~ with 
probability p and 1—p respectively, then 
equation 3 becomes 


g(s) ae ts [pg(s*)+(1—p)g(s~)] (3A) 


where 


=Cts+Dtu+tyt 
s~=C°s+D-u-+v- 


C, D, and v are assumed to take two forms 
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with superscripts + and — with proba- 
bility p and 1—prespectively. For bang- 
bang control systems, the minimization 
over u reduces to that over u’= +1 where 
(eee 

Before the solution of equation 3, 
approximate or otherwise, is discussed an- 
other formulation which allows straight- 
forward solution (at least computation- 
ally) to problems will be considered.” 

Since the desired state is 0, the dis- 
tance from the origin of the point s in the 
phase space representing the present state 
gives a measure of how close the system 
is to the final desired state. Define 


kn(s) =expected value of the distance of the 
state from the origin starting from s 
after an optimal sequence of 2 con- 
trol actions 


The usual application of the principle 
of optimality gives 


ki(s) =min {E|s’|} (5) 
u 
knai(s)=min E{k,(s’)}, 7=1,2,... 
u 


where s’ and # are as in equation 8. 

Since the interest here is not so much 
in the system deviation at any time in- 
stant, but rather in the first time the 
deviation becomes zero (or less than a pre- 
determined quantity e) for any given s, N* 
is sought such that 


ky*(s)<e 
krn(s)>e 
n<N* 
«=0 


where « is the predetermined nonnegative 
quantity. 

In the above, the distance from the 
origin may be replaced by some more gen- 
eral norm of deviation T (s). Then 


ki(s)=min E{ T(s’)} (5A) 
u 


replaces ki(s) in equation 5. 


Computational Techniques 


In this section, computational tech- 
niques will be discussed since it is often 
necessary to resort to computational solu- 
tions of functional equations of the type 
of equation 3 and of the recurrence equa- 
tion of the type of equation 5. 


EXPANDING GRID 


The recurrence equation is solved 
computationally for a certain given 
domain of s by first computing k,(s) of 
points in the domain and then using 
these computed hi(s) to compute ho(s), 
employing suitable interpolation if neces- 
sary. 

At the same time optimal u for each s 


in the domain is recorded. wheal 

desired here is to represent ;(s) for ¢ 
s in the domain using as few points in tit 
domain of s as is compatible with ti 
accuracy of computation. Let thes 
points be called z, z2, ..., 2m. Theny i 
computing ko(zs), 1<i<m, for a given cor 
trol force u, it is necessary to kmo 
E{ki(2',)}. Since z’; will not, in genere 


coincide with one of z;, ..., zm, (zx 
j=1, 2, ..., m, are used to represen 
approximately E{k,(z’:)}. This proces 


is repeated for a set of all allowable; 
values and the minimum is chosen as haz: 
and the corresponding u which gives tht 
minimum is recorded as up(zi). ? 
Thus, ke(z1), 7=1, 2, , mM, are con 
puted, and this process is continued 4 
compute a sequence { Ren (Z1) I 1=1,2,.., 
m, n=1, 2, Each computation + 
kn(s) is examined to ascertain whetha 
kn(s) Se is realized for the first time. 
so, that value of s will be removed fro4 
further computation of kz(s), L>n, ara 
the value of » wll be associated witi 
that s. That is, on the average it take 
(nAt) seconds to reach the origin fro2 
the point s using an optimal police: 
Since {un(s)} will be recorded at the san 
time, this sequence of optimal- -contt: 
forces is used to construct the switchina 
hyperplanes in the phase space. i 


In the foregoing discussion, it was tacit 
assumed that the set (z;, zo, ... 
sufficient to compute &,(s’) with the samt 
order of accuracy for all ». There exis 
however, cases where s’ falls outside fH 
domain for which the set (zi, ... zn) 
chosen. Then, in order to maintain tH 
accuracy of computation, it is nece 
to expand the set of points at which & 
is computed. Thus, the set of s 
which k;(s) is computed must be expanc 
continually to be able to comput- 
for increasing m. The net effect is suc 
that to compute ky(s) for the domain J 


larger domain D. 


APPROXIMATION IN PoLicy SPACES. 


Discussions in this section again wi! 
consider g(s) of equation 3. ek 
true in practice that there is somm 
approximate policy, that is, some rule ¢ 
choosing the control force, derived fron 


although no good approximation for g{ 
is available. 


Assume that an approximate pol ic 
u°(s), ie., an approximation u(s) tou(¢ 
in equation 3. Obtain the initial approxi 
mation to g(s) by solving | 


g (s) =At+E{ g(s’)}y© 


J=do(I+j) 


Fig. 1, Simple control system 


ompute the sequence 


(s)} 


P(s)= Artin Ef gt—(s’)} (7) 
> u 


It can be shown that g‘(s) is monoton- 
ally decreasing in 7, and g(s) is unique.® 
ais provides a steadily improving com- 
tational scheme to obtain g(s). How- 
er, the difficulty of expanding grid 
scussed in the previous section still 

ains, 
Since it is a much easier problem to 
tain the switching hyperplanes to reach 
e Origin in the minimal time from s if 
ere are no random parameters in the con- 
pl system, these switching hyperplanes 
ay be used to obtain g® (s), Another 
ssibility might be to replace the random 
rameters by their expected values and 
mstruct switching hyperplanes accord- 
ely, and use the resulting minimal time 
go (s). 

Phe choice of initial approximation is 
portant in so far as it affects the ac- 
racy and speed of convergence of com- 
tations. To illustrate these points, 
e simple example will be discussed. 
hough it is possible in principle to 

a formal n-dimensional formulation, 
the sake of ease of presentation, the 
ample will be developed for the case 
=2. (When computational solutions 
desired, problems with greater 

an 3 or 4 generally present substantial 
actical computational difficulties be- 
ise of the limited capabilities of pres- 
-day digital computers, although there 
P several techniques to solve special 
pes of this type.) 


ample 


Fig. 1 shows the control system in 
estion. For the sake of simplicity, 
= control force u is taken to be scalar, 
= noise term is dropped, and only the 
ameteric disturbance term is retained. 
It is assumed that the inertial load J 
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exhibits the random disturbance given 
by 


J =JX1+jn) (8) 


where J is assumed to be constant over 
Ai and change stepwise at nAt, Further- 
more jy is assumed to be of the Bernoulli 
type, 
In = " with probability p 

—a with probability 1—p 


The state vector s has two components, 
the error e and the error derivative ¢. 
The distribution function of j, is assumed 
to be independently and identically dis- 
tributed for each n. 

If jx=0, n=1, 2, .. is assumed, then 
the switching curve is well known. The 
phase space is divided into two regions and 
in one region, u=+T is used until it 
reaches the switching curve, then u= —T 
is used. In the other region the reverse 
sequence takes place. 

The switching curves are given by 


M M Ibe yes 
€n—1 


2 
én _@n-1__1 (2) Se! ny (9) 
M M 21+j, M 


These equations correspond to ¢; and ¢» 
of equation 4. Equation 9 can be 
normalized to 


ee At * 
pargely "i (9A) 
Xn =Xn_1— 1 -Hjn =o u+yn—1At 
with 
(iio 
where 

en 
n= ae 
and 

En 
vn Mu 


First, consider as u (e, é) in equation 
6, the control forces given by the switching 
curves of the deterministic case with 7,=0 
and as g (e, é) take the time required by 
these curves. Then, because of the 
simple nature of this example, 


Fig. 2. Examples of switching of control 
forces for the deterministic control system 


g(e,) =g0(—¢,—¢é)= Boise eee 
M M 2 


(10) 
or in its normalized form 
g(x,y) =y+2V x +y2/2 (10A) 


In Fig. 2 if (x, y) is in region I, use 
g(x,y) 


and if in region II, use 
ou) 


Since this choice of u (x, y) and g 
(x, y), although convenient, does not 
satisfy equation 6 for all (x, y), the 
relation g (x, y)<g@-) (x,y) does not 
necessarily follow for all (x, y). How- 
ever, the computational solution with 
varying mesh size Ax and Ay seems to 
indicate that in most cases g(x, y)< 
g@D(x,y) results. Fig. 3 shows the 
switching boundary for this stochastic- 
time optimal system for a=0.1, p=0.25. 
The deterministic case with a=0 is also 
shown for comparison. 

The dependence of the switching curve 
on p is another interesting and very im- 


Fig 3. Parts of switching curves for the 
deterministic and stochastic control system 


A oki—Stochastic-Time Optimal-Control Systems 43 


portant point to investigate, because of 
its possible bearing on the design of 
adaptive-time optimal-control systems 
where the value of p is not known but 
must be estimated in the course of control 
actions. This subject is scheduled for 
discussion in a future paper. 


Conclusions 


In this paper, an initial attempt has 
been made to apply the functional equa- 
tion formulation of dynamic programming 
to stochastic-time optimal systems in 
order to provide an analytic formulation 
and computational algorithm for the 
derivation of an optimal sequence of con- 
trol forces. Some of the techniques are 


illustrated by a simple second-order con- 
trol system. 
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Discussion 


P, K. C. Wang (International Business 
Machines Corporation, San Jose, Calif.): 
The author has presented an interesting 
formulation of the stochastic-time optimal- 
control problem. A check on the relative 
location of the stochastic optimal switching 
curve for the given example (Fig. 3) and 
that obtained by the following simple reason- 
ing leads to unexpected disagreement. It is 
hoped that the author will explain this point. 

Since jn, can assume only two distinct 
values, the over-all process trajectory is a 
composite of four types of trajectories (i.e., 
those corresponding to u=+1, jn=a; u= 
+1, jn=—a; u=—1, jn=a; and u=—1, 
jn=—a). Let the initial state of the proc- 
ess be (x=0.2, y=0), then the subsequent 
trajectory for q fixed polarity of forcing 
u(say u=+1) and j,=-a must be inside 
a region bounded by the trajectories corre- 
sponding to uw=+1, j,=a, and uw=+1, 
jn=—a (shaded region in Fig. 4), Similarly, 
the upper and lower bounds of the trajectory 


trajectories | 
for 
u=+l, jn=-O.1 | 


u=+l, In=*0.1 | 


Y-_~ 


-0.3 ia 
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variation can be constructed for an ar- 
bitrary, deterministic initial state with fixed 
polarity of forcing. Following the above 
reasoning leads to the conclusion that the 
stochastic optimal switching curve should 
lie in a region bounded by the deterministic 
switching curves corresponding to j,=a 
and jn=-—a. These curves also correspond 
to the limiting cases where p=0 and p=1.0. 
However, the author’s switching curve lies 
outside the expected region. As a result, 
the decelerating trajectory will always 
follow the switching curve to the null state 
with rapid “chattering’’ of the forcing w. 
On the other hand, if a deterministic switch- 
ing curve for j, =0.1 is used, the decelerating 
trajectory will also follow the deterministic 
switching curve in the same manner but 
with less expected total response time. 
Therefore, it is suspected that the author’s 
switching. curve is in error. 

As a minor remark, it is felt that the 
term “gain disturbance’ would be more 
appropriate for the given example instead 
of “inertial load disturbance,” since the 
dynamic effect of inertia variation is not 
taken into account. 

To complement the paper, I would like to 
discuss the stochastic-time optimal-control 
problem briefly in general terms from a 
practical standpoint. It has been pointed 
out by the author that considering only the 
case where the desired process state is 
deterministic, there are roughly two ways by 
which random variables enter into control 
systems: external disturbance and internal- 
process parameter variations. The ex- 
ternal disturbances can be classified as 
follows: 


1. Disturbances entering at the input 
of the control system: In many practical 
situations, the differences in the intrinsic 
nature of signal and noise permit estimation 
of signal by appropriate filtering. If the 
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ematical model of the modified proce 

When the process parameters vary f 
domly with time, the time optimal-contra 
problem becomes considerably more ci 
plex. However, in many practical situa 
tions, the parameters vary about sor 
fixed mean values. For the linear proce 
described by equation 1, the parame 
matrices have the forms: 


A=4-+a(t) 
with 
\exss| ey 


and 
B=B+48(t) 
with 

|B13| <8: 


where A and B are the mean-value matrice 
a(t) and @(t) are random matrices whos 
elements have bounded variations. 

If ez; and 6y are small, then the t 
optimal controller designed for a proc 
characterized by A and B is applicably 
The effect of a(t) and B(t) on the overa 
system response may be estimated by { 
turbation techniques. On the other ha 
if the random components have signifi 
effect on the process dynamics, then 
process itself is basically nonstatior 
An adaptive time-optimal controller woul 
be required. Here, the practical problem 
process identification must be solved. 

The dynamic programming approach 1 
the general optimum control problem iii 
volving stochastic processes was formulate 
by Bellman in 1958.1 Recently, Kraso™ 
skii? presented an interesting treatment «| 
the stochastic-time optimal-control problei 
by introducing a “generalized Liapune 
function.” However, there remains a latg 


RANDOM DisturRBANCES, N. WN. Krasovskii. 
ournal of Applied Mathematics and Mechanics 
Russian), vol. 24, no. 1, 1960, pp- 64-79. 


alph J. Kochenburger (University of 
onnecticut, Storrs, Conn.): This paper 
lescribes, i in very general terms, an applica- 
ion of dynamic programming techniques 
o the response-time optimization of bang- 
pang systems subjected to stochastic dis- 
urbances and variations of parameters, It 
s suspected, but difficult to prove, that such 
pang-bang systems do represent the 
pptimum scheme of control under such 
ircumstances. The problem being treated 
S an admittedly difficult one even when 
lealing with a deterministic system de- 
cribed by differential equations of higher 
order. It becomes discouragingly compli- 
ated when the stochastic variation of 
parameters must be taken into account as 
ell. Considering this, the author has 
indertaken an exceedingly difficult task 
nd has done an excellent job of formulating 
€ general optimizing procedures that 
night be followed. 

I have no reason to question the results 
S$ such, but would like to introduce the 
mgineering viewpoint by raising the follow- 
ng questions: (1) Is this a contrived 
roblem introduced for the purpose of pro- 
iding an exercise in analysis, or is it likely 
Oo occur in actual practice? One reason for 
aising this question is the author’s example 
f a randomly varying inertia. (2) What 
romise is there that the tremendous intel- 
ectual labor that has gone into the study of 
ptimum switching criteria involving higher 
tders of phase space will bear fruit from an 
ingineering standpoint. Iam aware of, and 
ave had successful experience with, such 
riteria applied to systems describable in the 
hase plane. However, my experience with 
hese criteria applied to higher order systems 
as been successful when applied to analog 
mulations of systems, but not when applied 
the actual ‘‘hardware.’” I wonder 
rhether the analytic sophistication of the 
hase-space technique is justified in con- 
ideration of various assumptions and 
pproximations that must be made in 
der to adapt most practical systems to 
his method of analysis. 

One other point I would like to raise in 
egard to phase-space analysis in general is 
ae fact that optimum switching criteria 
rescribe what are essentially nonlinear 
hase-lead corrective networks of the type 
hat introduce new s-plane zeros but no 
ew poles. Such networks are notorious 
br their accentuation of higher frequency 
oise and ripple; with bang-bang systems 
ney can be especially detrimental by caus- 
g chatter of the relay elements or their 
ectronic equivalents. On the other hand, 
ne introduction of additional poles would 
crease the order of the phase space and 
rther complicate the analysis. 

The above comment relates to switching 
iteria in general and not to the specific 
nbject treated in the paper. As far as that 


thor’s statement that present-day com- 
ters are not adequate for performing the 
omputations called for by his approach 
hen the order of the differential equation 
volved exceeds 3 or 4. Unfortunately, 
| most practical problems, it does exceed 
lat order. Even when computers become 
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aper is concerned, I must agree with the - 


adequate for such tasks, the question will 
arise as to how often the expense of such 
computations will be justified. 

Here, I would like to offer a possible 
answer to my own question. It is obvious 
that the dynamic programming computa- 
tions described in the paper are far too 
complicated to be performed on a real-time 
basis and so cannot be used directly in the 
self-optimization of control systems. They . 
could, however, be performed in advance of 
actual system operation and used to prepare 
a program, probably approximate, from 
which the system could select the switching 
criterion most appropriate to the immediate 
situation. From this standpoint, tech- 
niques such as those described here might, 
if applied to a sufficiently large ensemble of 
systems and situations, result in an improve- 
ment of performance that would “pay off” 
from an economic standpoint. 

Many papers in this field have confined 
themselves to the high plane of relatively 
abstract mathematics and have not favored 
the engineering reader with examples of 
actual results that might be obtained in 
practice. The author should be congratu- 
lated for not following this policy. The 
example he furnishes consists of a second- 
order system which is necessarily over- 
simplified in order to make its analysis 
ptactical for presentation in a paper of 
reasonable size. It does, however, provide 
some insight into the question of how sto- 
chastic parameter variations might affect 
optimum switching criteria in general. His 
Fig. 3 is especially enlightening in this 
respect but more detail, such as the effect of 
other a’s and p’s, would have been helpful. 
Also of interest would have been a typical 
appearance of the Ax, Ay computation mesh 
that resulted during this dynamic pro- 
gramming computation procedure. How 
fine did such a mesh have to be in order to 
represent a reasonable approximation of the 
actual system? Answers to such questions 


would be of value to many engineers in- 
terested in applying the Ecko proposed 
by Mr. Aoki. 


Masanao Aoki: I would like to express my 
appreciation to the discussers of my paper. 

First, concerning Dr. Wang’s comment on 
the location of the optimal switching curve: 
perhaps what was not made clear in the 
paper is the fact that in stochastic-time 
optimal systems it is more meaningful to use 
not a single point, say the origin of the phase 
space, but some finite neighborhood, say the 
e-neighborhood of the origin, as the set of 
desired states, D; for example, in order to 
avoid the expected time becoming infinite. 
The same holds true for the probability 
criterion. Fig. 5 shows the case where D is 
taken to be the e-neighborhood of the origin 
defined by 


={(x,y):max (|-|, |y|)<e} 


With D consisting of more than a single 
point, the optimal switching curve lying in 
the fourth quadrant for the deterministic 
case, jn =0, will move as shown in Fig. 5 in 
the positive x direction. For example, the 
initial point is taken to be at (0.2,0). Then 
the switching curve passing through the 
origin will require the extra time to travel 
along ABC in Fig. 5. 

In the stochastic situation it is true that 
the point initially at (0.2,0) will be found 
somewhere in the shaded region of Fig, 5 
before the switching occurs. 

However, in the absence of a distribution 
function for the time to reach D, it is not at 
all clear intuitively how the expected times 
to reach D behave as a function of the 
initial point and the size and the shape of 
the e-neighborhood. Of course, one cannot 
exclude the possibility that the effects of 
the finite boundaries which must be intro- 
duced in computational solution as dis- 
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Fig. 5. Case for D taken as 
the e-neighborhood of the 
origin 
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cussed in the section on the ‘expanding 
grid” are affecting the computed optimal 
switching curve. Similarly, the effect of 
the computational errors due to the mesh 
size and the degree of interpolating poly- 
nomial must also be considered. In this 
case, these effects were tested. 

As in many problems involving random 
vatiables, one way of evaluating solutions 
would be to test these solutions by simula- 
tion. More specifically, Monte Carlo tech- 
niques may be used to perform the simula- 
tion numerically to compare the computed 
switching curve with the deterministic 
switching curve for jn=0, say. 

With regard to Professor Kochenburger’s 
comments, when a control vector u enters 
into the dynamic equation of the system in a 
linear manner, then it can be shown that u 
will take on the boundary value even in 
stochastic situations with suitable assump- 
tions. : 

Heuristically speaking, if the dynamic 
equation of a 2-dimensional system is given 
by 


=fi(x,y,a) +a(a)u 


Yy = fol x1y,00) O(a) 


where a is a random parameter and u is a 
scalar control variable, then defining g(x,7) 
as in the paper, g(x,y) can be shown to 
satisfy the partial differential equation 


28 at (a og ye 
O=1 +5 Bf sa)) +3 Blfalsyn0))+ 


fo) ra) 

min | Oe aa her 2) 

ue Ox oy 
Therefore, it is seen that 

ro) fe) 
i= sien} 50)+ 28 By} 
if admissible control variables are such 
that 
Q={u: —A<u<A} 


I manufactured the example in the paper 
to illustrate the procedure discussed where a 
system parameter shows random variations, 

As already discussed elsewhere, one of the 
major uses of the functional equation 


approach to a problem lies in the fact thay 
the solution to the functional equation, 
when obtained, can serve as a standar¢ 
against which various approximations ane 
assumptions can be tested.” For example 
one of the most promising approaches {& 
problems of high dimensions may be said 
lie in exploiting ‘‘good”’ suboptimal policie: 
and in policy improvement. In this con 
nection it is significant that dynam 
programming, unlike ordinary numeric 
technique, may give structural informatior 
on optimal policy. 
Finally, a great deal more needs to bi 
done in the area of numerical analysis in 
solution of the functional equations. Zz 
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A-C Contactors Supplied by Long 


Control Lines 


R. P. ALLEY 


MEMBER AIEE 


HEN a-c operated contactors are 

controlled by push buttons located 
at some distance from the contactor, the 
wire-to-wire and wire-to-ground capaci- 
tance of these control leads may be suffi- 
cient to prevent the contactor from drop- 
ping out when the off button at the remote 
station is depressed. 

This paper discusses a method of cal- 
culating the capacitance wire to wire and 
wire to conduit. The equation for the 
capacitance of a single wire lying against 
the conduit wall is 


(17.52 X10) K1K2 


(be 
& = (Ri = 71)? 
cosh7} 
2R, Ro 
farads/ft (per foot) 
where 


K1=dielectric constant of wire insulation 
(usually about 3) 

K2=experimental factor (usually about 0.5) 

R,=internal radius of conduit 

R.=conductor radius 

r,=total conductor radius 


Similarly, the capacitance of two 
parallel wires lying so that the insula- 
tions of the two touch is 
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_ (8.467 X10) K1K2 


cosh} Sahat zi) 
2Ro 


Because this is a linear conservative 
system, the two results cart be combined 
to obtain answers for more complicated 
problems. International Business Ma- 
chines Corporation 650 computer pro- 
grams have been written to calculate line 
constants, maximum safe line length 
desirable with various contactors, and 
the necessary value of shunt resistance 
to detune a contactor coil to secure re- 
liable drop-out. 


G2 farads/ft 


Calculation of Line Capacitance 


This paper is concerned primarily with 
the calculation of the capacitance of con- 
trol wires in conduits, and as such will not 
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directly cover the calculation of the 
characteristics of telephone-type open 
wire control lines. Open-wire lines can I 
calculated from equation 2 or from t 

“Electrical Engineers’ Handbook.”! ~ 


3.677 X 1078 


microfarads/1,000 ft 


logio ak ; 


where 


D =wire-to-wire distance 
d=conductor diameter 


ASSUMPTIONS 


Unfortunately, while a good determina. 
tion of the capacitance of wires in a com 
duit is theoretically possible, a number 63 
uncertainties arise to render such 
exact calculation rather impractical. 
best way to examine this physical prob 
lem is to list the assumptions made 3 
the capacitance formula development 
in this paper: ! 


1. Linearity: The capacitance system 
assumed to be linear so the problem may 
solved in a piecemeal manner and the 
sults superimposed. In general, this is th 
case. 


2. Grounding: In all cases the conduit i 
assumed to be grounded. This should b 


universally true. 
C 


3. Position: The wires are assumed to! 
on the inside wall of the conduit, and yet] 
lying next to each other. Although such: 
arrangement is clearly impossible if thr 
wires are in the conduit, it was adopted 

calculate the maximum possible capacitan 
for a given line. Also, this means that tl 
wire-to-wire capacitance may be expect 
to vary more widely than that from wire 
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Table |. Typical Measurements Summary 


Description 


51 feet l-inch conduit, three no. 12 wires: 
Wire to wire 
Wire to ground 

582 feet l-inch conduit, one no. 6 wire: 
Wire to ground 

20 feet 1/2-inch conduit, three no. /4 wires: 
Wire to wire 
Wire to ground 

20 feet 1/2-inch conduit, no. /2 wire: 
Wire to wire 
Wire to ground 


A water-filled conduit would 


Insulation: Because the maximum elec- 
ic field intensity always occurs in the wire 
nsulation, the dielectric constant of this 
msulation was used as that for the insula- 
ion filling the conduit. This approximation 
S not too serious a factor in that this di- 
slectric constant occurs only to the first 
bower, and an experimental constant is 
used toadjust for this and other inaccuracies. 
Again, a water-filled conduit could give 
idely different results: 


APACITANCE FORMULAS 


With the foregoing limitations, two 
haracteristic capacitances for wires in a 
onduit may be calculated. For a single 
vire lying against a conduit wall: 


17.52 10-2 K1K2 
t= gas lit 


cosh7! — —(hi- a4 


2Ri Re 
(1) 
CIRCUIT EQUIVALENT 
+ START =n 
26s 


STOP 


Case I: 


contactor with ground on 
start button 


ga 1. 


CIRCUIT EQUIVALENT 


ck 2C,t 


Sc, 


g. 2. Case Il: contactor with start button 
on ungrounded supply 


T ] 
| 

SAG e 

i t START 


K2, 
Measured, Calculated, Measured / 
Microfarads Microfarads Calculated 
0.00067 0.00108 0.62 
0.00161 0.00307 0.52 
0.0400 0.0700 0.57 
0.000224 0.000561 0.40 
0.000557 0.001076 0.418 
0.000142 0.000591 0.24. 
0.000612 0.001156 0.53 
where 


r:=total conductor radius (with insulation) 
Cl=capacitance wire to conduit 


Similarly,the capacitance of two parallel 
wires lying so that the insulations touch is 


_ (8.467 X 10-12) K1K2 
cosh7! (45*) 
2Rs 

By using the above equations, the 
capacitances of lines may be measured 
and calculated and the results compared, 
Actually, this is the method of obtaining 
the factor K2. 

Considering Table I, a factor of 0.5 for 
K2 appears reasonable in most cases. 
It may also be observed that the K2 factor 
for the wire-to-wire capacitance varies 
over a wider range than that for the wire 


to ground as was explained in the assump- 
tions. 


G2 farads/ft (2) 


CIRCUIT 


EQUIVALENT 


Fig. 3. Caselll: contactor with coil grounded, 
start button to supply 


CIRCUIT EQUIVALENT 
Cor | STOP 2 C+ 
ora! BiG. 
ech 2 ia Sh ee START 
Ihe gral I 
a G 
Fig. 4. Case IV: contactor with ground at 


stop button 


Line Capacitance in Control 
Circuits 


POSSIBLE CIRCUITS 


If the start-stop push buttons are re- 
motely located from the contactor, there 
are six possible wiring combinations for 
the components, especially if the location 
of the grounded line is arbitrarily assumed. 
These six cases are shown in Figs. 1-6, and 
if the equivalent circuits are studied, 
cases II and V are found to be identical. 
The capacitances defined somewhat arbi- 
trarily earlier are seen to correspond to 
the needed capacitors in these circuits, 
Cl being the wire-to-conduit and C2 
the wire-to-wire capacitance. 


Maximum Conpurt LENGTH 


One use for this capacitance calculation 
is to determine the maximum length of 
line which may be used for a given con- 
tactor. If the circuit reduces to a simple 
series capacitor as in Fig. 1 (cases J, II, 
IV, V), the critical hold-in capacitance 
reactance is given by 


E\2 
Keekiey e—ore+R9| 1 (=) | 


where 


X-=maximum magnitude capacitive react- 
ance required 

X1,=inductive reactance magnitude of con- 
tactor coil 

R=resistance of contactor coil 


CIRCUIT 


EQUIVALENT 


Fig. 5. Case V: contactor with stop buttam 
on ungrounded supply 
CIR CUIT EQUIVALENT 
Peer STOP 2Ce 
pot 
ences | START 
(ogee ie H 
[a ee 
FC 
(ez 2G 
Fig. 6. Case VI: contactor with coil 


grounded, stop button to supply 
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Table ll. Calculated Capacitances for Conduits 
of 1/2- to 1-Inch Nominal Diameter 
Se Ree ee ee 


Capacitance, Farads per Ft 
ple a ra ea RI 


Cable Cl C2 
ee SS 
No. 14 solid....0.19X10-” ....0.9X10-” 

No. 12 solid.... 0.22 0.10 


No. 10 solid....0.36 
2 ee eS 


eeree 


E=line voltage 
E,=minimum alternating voltage to hold 
the contactor closed 
If C, is the total capacitance of the 
line per foot for the particular case, the 
maximum length (D) of the control conduit 
is given by 


iz 1 
SCX e 


where 


w=2rf 
f=line frequency 
For the case where some of the line 
capacitance shunts the contactor coil, the 
calculation becomes slightly more cumber- 
some. 

If a is the ratio shunting capacitance to 
series capacitance for cases IJI and IV 
(Figs. 3 and 4), 


=X ,(a+1)+ 


qetxn(Z) men >) —R%a+1)? (4) 


Obviously, if the ratio of the series and 
shunt capacitances is correct (i.e., is large 
enough), the voltage across the contactor 
coil will never be above the hold-in volt- 
age, so no problem exists. 


CORQECTIVE RESISTORS 


Since the contactor remains energized 
because of a partial resonance between it 
and the control circuit capacitance, an in- 
crease in circuit damping would alleviate 
the trouble. While the values of resist- 
ance may not always be practical, it is 
often worth the trouble to calculate their 
size. For the simple series case of Figs. 
1, 2, 4, and 5, the quadratic equation for 
the desired resistor is 


R, 
(rhe. 
Fig. 7. Eccentric cylindrical conductors 
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E?2 
rd i-(F ) |-exuxtxe ar 
R{2Ri:X2} +X2Z*=0 (5) 


where 


Z=total impedance magnitude of contactor 
coil 

X,=series impedance magnitude of the 
circuit 

R,=resistance of the contactor coil 

R,=desired shunting (or detuning) resistor 


The power dissipated continuously by this 
resistor is also 


P=E?/R, watts 


For the more complex cases with both 
series and shunt capacitances illustrated 
in Figs. 3 and 4, the quadratic equation 
in Re becomes more complex. j 


nda (ba (2) ‘|pxe- 


ox X(i-+e)}-+ Raf 2X2Ri} + 
XG2Z2—0) (G6) 


where the meaning of all the terms re- 
mains the same as previously. 


EXAMPLE 


Consider a 440-volt size 2 contactor with 
the following characteristics: 


Z=3,140 ohms 
X1,=3,070 ohms 
R=659 ohms 


Drop-out voltage=30% of rated 60-cycle 
voltage 


It is used with no. 14 solid wire in 1/2- 
inch conduit (for Table IT): 


_ C1=0.19X10-” farads/ft 


C2=0.09 X10-” farads/ft 


The critical capacitive reaction is 
given by equation 3 or 


X,=3,070-+ ~/(3,070)?—(3,140)% — 10.11) 
X,=17,994 ohms 


For case I, Fig. 1, the effective series 
capacitance is C1+2C2 or 0.37X10~% 
farads/ft. 


1 


~ (377)(0.37)(10—°)( 17,944) =3,980 ft 


For case VI, which is the usual one in 
practice, from equation 4 where 


“SC” pou. 
X,=(3,070)(1.474)+ 


4/(3,140)%( 11.11) —(659)%( 1.474)? 
= 14,946 ohms 
then 


il 
(377)(0.18)( 14,946)(10—") 
If it is now desired to operate this com 
tactor on 12,000 ft of conduit, a shunt 
resistor will be needed to allow this opera= 
tion. For case I (x -£26,000 ohms), equas 
tion 5 gives 


Rz*{ (3,140)?[ — 10.11] —2(3,070)( 6,000) + 
(A) : 


D= =9,900 ft 


(6,000)2} +R» {2(654)(6,000)?} + 
(B) 
(6,000)%(3,140)? =0 
(C) 
Using the quadratic formula 


—B+tV/B-4AC wo ohms 
2A 


Re = 


This is not very practical in this case 
because of the high power dissipation. 
For case VI, x-=12,260 ohms for this 
wiring. Using equation 6 and consider 
ing it to be 


AR?+BR,+C=0 
each of the coefficients a be evaluate : 


in turn: 


A =(3,140)% 1.474)% — 11.11) +(12,260)?—= 
2(3,070)2(12.260)(1.474) =84 107 


B=2(12,260)659 = 1,977 X 10° 

C=(12,260)%(3,140)?=1,478 x 10~? 
Thus R.&66 ohms, which is again rather 
impractical. The conclusion would 
that splitting this line into two sections 
would be the most feasible alternative. 
Thus calculations can be made which wil 


will occur with long control lines, and: 
corrective remedies may also be explored 
on paper before the installation is com- 
pleted. 


Fig. 8. Adjacent cylindrical 


Fig. 9. Conduit cross section 
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= 


Fig. 10. Basic series circuit 
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ple ee aa Te 
oe 
. ACS . 
a a 
Fig. 11. Basic series and shunt circuit 


Appendix |. Cable Capacitance 
Derivations 


Assume that a cylindrical conductor lies 
eccentric in a conducting sheath, as shown 
in Fig. 7. The capacitance for this case is 
given by Smythe:? 


27e 
C= —_/R2®+R2—D?\ farads/meter 
COs 
2RiR2 
(7) 
where 


e=8.85 X 10-12 farads/meter (for air) 


However, since it is usual to convert this to 
farads per ft, 


2Q7e 
ei giglea a) 
2Ri Ro 


C= farads/ft 
3.281 cosh! ( 
(8) 


If two cylinders are parallel to each other 
as in Fig. 8, and if 


R,=R.=R 


the capacitance may be derived from the 


_ 8.467 10-18 


Cay ark 
h-1( — 
cos (2) 


In an actual cable, both previous condi- 
tions are present, as shown in Fig. 9, but 
since the system may be assumed linear and 
conservative, superposition of the two 
capacitances should give a meaningful an- 
swer. 

For wires pulled in conduits, the medium 
is not filled with a homogeneous dielectric 
constant, but rather the wires have insulat- 
ing sheaths, with the majority of the con- 
duit normally filled with air. 


farads/ft (11) 


Appendix Il. Calculations 


Consider the basic circuit as shown in 
Fig. 10. The following voltage relation- 
ships hold: 


E,_ R+jX 
E R+i(X1—Xo) ae) 
Then 
| Z| VRI+4-X 72 
a area (13) 


[Z| SR4(X,—Xe)? 


Considering E, and E to be magnitudes 
only, the above may be rewritten: 


R24(X,—Xc)?— @) (R2+X72) =0 
or 


j 2 
xian rte] 1-4Eh |-o 


or solving for X¢ 


Xonkity xe -etero| 1-(F y| 
ww) Ez 
Za 


(14) 


If E, represents the critical hold-in volt- 
age of the contactor, X, then represents the 
critical capacitive reactance to achieve this 
condition. . 

For the case where the contactor is 
shunted by a capacitor as in Fig. 11, 
the voltage division is 


1 
Shi Z Xe(R+jXz) 
R+i( x * Xe) 
Ey i\ X1—— Xe 


a (15) 


1 
=j Xe(R+jX1) 
WEG 


Fig. 12. Series and shunt cirucit with resistor 


(2) (R?+Xz2) 

E/)  (1+a)(R)+jlXx(1+a)—X- 

(2)- RIX 8 

E} (a+1)*R?+[X1(a+1)—X;]? 
R?+X7? 


E,\? 
(7) ~(a+1)?R?+Xp%a+1)2— 
2X1X(at1)+Xe? 


Xo?—-2XeX1(a +1) 4+(R?+-X77)\(a+1P—- 
| cet+xin(Z)*=0 


Xo?-2X oX (a +1) +(R?+X 1?) X 


[oo (6) 


So 
Xg=X,(a+1)+ 
Arai ax 


; 
[orm-(E) 
xen Xfot1)2y2{2') —R*a+1)? 
| ; (16) 
where 
Z=VR+X1? (17) 


All six wiring cases may be covered by the 
above. 


Appendix Ill. Corrective Action 


A corrective action sometimes used is to 
shunt the contactor coil by a resistor as 
shown in Fig. 12. 


i 
jRe f X(RitjXz) 


same Smythe equation by reversing the mts (x 1 = ) ae 5 
igns i i : Iceni aC : : gi 
signs in the denominator: a RU Es - X(Ri+Re+jX1) 
=m farads/meter (9) mae 4 of fractions results in the follow- (18) 
RY) : 

cos ( OR? ) oe ¥ 

a E + (Rage. L) E 2,—jXe 
Qne 7 ; 1 Ee E, R(X1r—JR:) 

————— _S coe PG —- = 
7 (3: ) ee [Rs (x: 3 xe) [+5 ae E RXp+oRX,—RX RX e= 

ol COSHies a= — (RiRe+aR,Ro+X.X 

be Taking several steps, let E, and £ be simply ; i 2 * : ‘ 1) 

or this may be further reduced to numbers: Using magnitudes only, this reduces to 
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Cc 
qT 
Ry 
i Ro Ez 
(SL 
m | ds 
Fig. 13. Series circuit with resistor 


E.\? R2Z? 
E/]  R2R2%(1+a)?+X7(1+a)2+X2— 
OX, X(1+a)+R2RiX 2+ X22! 
(19) 


Solving for a quadratic in Rs: 


v2; 2 
ku=zitay-(2) DDG ED Geet 


a) +R2X2Rr+X2Z2=0 (20) 


This may be solved for Ro. 
For the simpler case as shown in Fig. 13, 


z, ak +jXu)Re (21) 
Ry +R. jx. L 
(RitjX1)Re 
FE, the Ry ta R 4+jX 1 
E (RitjX)Rt_ 
RitRotjX, ~ * 
Ez by (Ri tjX1)Re 
E (RitjX1)Ro—jXARi+R2tjX1) 
Expanding 
re RiyRot+jRoXr 
E RiRo+X-X14+j(RoX1—RiXce— RX) 
E,|? Ry2Ro2+ Ro2X 7? 
E| \(RiR.+X-X1)?+[ReX1— 
RiX_,— RX]? 


If magnitudes only are of concern, 
R,(Z?) 


fie 2 
C ) ~ RPR2+2Ri RX Xp +X PX P+ 
RoPX 7?— RiRoX 1 X~e— RX X¢ 


—RiRXpX—¢  +R27X_?+Ri RX? 
TRYXUX, Tt RiRX 2 +R X? 


Rs2X 1? —2Ri RoX 1 Xo—2RYPXpXe+ 
RPX PF +2AR RX o? + Ro2X o? 


IDE ‘ Riz fe 
E)  R2[R2+X12-2X,X-+X 2] + 
—_—_ 
Zz 
Ro[+2RiX.*] 


+X AX 1? +Ri7X o? 


E\2 
no} 1-(2) |p2xexetxe “ip 


R2[2RiX ¢?] eG DAG UNG OO = 
+X223 


E 2 
ro 21 = G ) | —2X Xoo ee ae 


R[2RiX¢] +X7Z2=0 (22 


Thus one can solve for the necessary Ro. 
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N THE DESIGN of feedback control 

systems, the ultimate goal is the syn- 
thesis of a system to perform according 
to prescribed specifications. 
develops a method of synthesis for feed- 
back control systems which is partially 
based upon previous work in network 
theory and sampled-data systems. Syn- 
thesis is realized in the complex plane by 
obtaining the open-loop-system transfer 
function from the desired closed-loop 
input and output time functions. Speci- 
fications are introduced in terms of the 
system response to a deterministic input 
such as a step or ramp function. A plot 


Paper 60-1019, recommended by the AIEE Feed- 
back Control Systems Committee and approved by 
the AIEE Technical Operations Department for 
presentation at the AIEE Pacific General Meeting, 
San Diego, Calif., August 8-12, 1960, and re- 
presented for discussion only at the Winter General 
Meeting, New York, N. Y., January 29-February 3, 
1961. Manuscript submitted May 31, 1960; 
made available for printing December 15, 1960. 


Lynn E. Weaver and ANDREW P. Sace are with 


This paper . 


of the desired closed-loop transient re- 
sponse is made which is then sampled at 
equal time intervals. 

From the sampled output time func- 
tion and system error function the open- 
loop system function required to meet the 
system time-domain specifications is ob- 
tained. The prescribed open-loop trans- 
fer function and the fixed part of the sys- 
tem yield the necessary compensation re- 
quired to meet the specifications. 

In this paper, the developed synthesis 
technique is applied to several problems. 
The resulting systems are simulated on an 
analog computer and a comparison is made 
with the prescribed specifications showing 
the effectiveness of the synthesis tech- 
nique presented. A discussion follows 
which points out the limitations of this 
technique. 

Considering the block diagram of a 
unity feedback system as shown in 1Rbiers oll. 
the well-known transfer function is 


Solving for G(s) results in 


_ Cs) 
R(s)— C(s) 


G(s)= (2) 


The system input, 7(¢), and output, c(é), 
are sampled at equal time intervals T. 
thus, 


c*(t)= ) e(nT)8(¢— nT) (3) 

r*(t)= (nT )a(t— nT) (4) 
n=0 e 

CH(s)= > e(nT)e 9" (5) 
n=0 . 


R*(s)= > r(nT)e— 9" (6) 


In terms of the sampled input and output, 

the open-loop transfer function is approxi- 

mately given by 

dienT)e~ "7 § 

G(s) = —______ (7) 
ys [r(nT) —c(nT)]e78"" 


0=0 


RS) 


@) c(S) 


— 


the University of Arizona, Tucson, Ariz.; ROBERT CG G(s) 

L. MILrer, JR., isa captain, U. S. Army Signal Gy (1) 

Corps. R 1+G(s) Fig. 1. Feedback control system 
i 
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Equation 7 is a ratio of two polynomials 
n the delay operator e~*"". Division of 
hese two polynomials results in another 
olynomial which is the discrete Laplace 
transform for the open-loop system func- 
ion. The coefficients of the polynomial 
ure the areas under the impulse response 
surve of the open-loop system between 
he sampling instants, if the sampling 
yeriod T is sufficiently small. 

The input function to be considered in 
this paper will be a unit step function. 
Other inputs, such as a ramp, can be 
handled in exactly the same fashion. 

After division, the coefficient of the 
polynomial will be of the form 


G(s)=gotsie 7 +e P+... ene"? (8) 


The polynomial described by equation 8 
may be of finite or infinite order. If there 
is to be zero steady-state error for the 
unit step input, the system must contain 
at least one open-loop integration. In 
this case, the final value of the impulse 
response of the open-loop system will not 
be zero but some finite or infinite value. 
If the open-loop system contains one in- 
tegration, G(s) may be represented as 


—— (9) 
m(1+ Tjs) 
Jj 


where the coefficients 7; and 7; may be 
complex. G(s) must, of course, be realiza- 
ble. By partial fractions equation 9 be- 
comes 


ee SS Gj 
ess 2147s 
Z 


The discrete Laplace transform of equa- 
tion 10 is 


(10) 


As n becomes large, G(s) approaches 
10% K 5 e. snT 


If there is more than one open-loop 
integration, the coefficients of the discrete 
impulse response approach infinity for 
large m. If the polynomial of equation 8 
is of infinite order, it will be necessary to 
define a modified polynomial of finite 
order in order to apply the proposed syn- 
thesis technique. For convenience, it will 
be asstumed here that there is a single 
open-loop integration. By defining 


G(s) =~2+6") (12) 
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it follows that 


G(s) =G(s)—— (13) 
G'(s)=G(s)—TKv Ss ee (14) 


n=0 


since the discrete transform corresponding 
to s/K yis 


Eki eee 
n=0 


The constant 7K , is subtracted from each 
coefficient of the polynomial of equation 8 
resulting in 


a 
G\s)=) Aner (15) 
n=0 
Since G’(s) as given by equation 15 is 
irrational, e~°”’is expanded in a Taylor’s 


series about s=0 to give 


G(s) = ) An—s ) nT Ay+ 
n=0 n=0 


a 


52 
) nmT*Ant+.... (16) 


n=0 


Equation 16 is a rational function in the 
complex variable s. 

To put G’(s) in transfer-function form 
the method of undetermined coefficients 
is used. It is convenient to define 


HELEN oe: 
WEY orre 
n=0 


such that equation 16 becomes 


© 


CW@)= De dims” =d)+distdys?+.... 
m=0 
AG ado+ais+aos?+ ...+an5? 
© bot bys tbes?+ ...+bms™ 


(17) 


(18) 


Cross-multiplying and equating coeffi- 
cients of s, in equation 18, results in the 
set of linear algebraic equations 


dobo =a 
dobi + dyby= a1 
dobo+ dyb; aa dobo =, 


(19) 


dobntdibq=1)+------ dnbo=an 
dobant1yytdibnt...... dint1yb9 =0 

Here the assumption is made that m>n 
when making an approximation of G’(s). 
The denominator may be normalized by 
making by equal to 1 without changing 
the nature of the approximation. 


As an example, suppose an approxima- 
tion is desired in the form of two poles. 
and no zeros. Then 


ao 


AE ea ae 


(20) 


which results in 


dyp= a 
dobi +d, =(0 


dobo+d\b, +d,=0 (21) 


which may be solved for the three un- 
knowns dp, 6:1, and b:. After G’(s) has 
been realized as the ratio of two poly- 
nomials in s, G(s) is obtained by addition 
of s/K, to G(s). 

In a large number of automatic control 
systems, it is necessary to place a restric- 
tion on the minimum pole zero excess in 
order that a physically realizable com- 
pensation network may be used. Thus, 
care must be exercised in selecting the form: 
of the G’(s) if a pole zero excess greater 
than one is to be obtained. For example, 
if it is desired that G(s) be of the form 


K,(1+as) 

— 22 
CS Seay eats, 23) (22) 
then G’(s) must be of the form 

i es aotays 
2 Sse rete 23) 
which gives the desired G(s) only if, 
Kee a= 0 (24) 


In some cases, the method of undeter- 
mined coefficients will either not satisfy 
equation 24 or will result in negative 
values for a, bi, or bo. In such cases, a 
modified G”(s) may be defined by 


KB 
s(B+s) 


G"(s)=G(s)— (25) 


In terms of the discrete transform, 
equation 25 is equivalent to 


1.25 ie 7 


— COMPENSATED RESPONSE 
--- DESIRED RESPONSE T=,05 


TIME-IN SECONDS 


Fig. 2. Transient response for 0.05-second 
sampling period 
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— COMPENSATED RESPONSE 


-— DESIRED RESPONSE T=.I 


le) I! 2 3 4 
TIME- IN SECONDS 


Fig. 3. Transient response for 0.1-second 
sampling period 


G"(s)=G(s)—TKn) _,(1—e7 6"? e977 


n=0 
(26) 
The term 


RK (i—eure) 


would then be subtracted from each term 
of equation 8. G”(s) is then substituted 
G’(s) in equations 15-21. After G’(s) or 
has been realized as a ratio of two poly- 
nomials in s, G(s) is obtained from equa- 
tion 25. : 


Example 


As an example of the synthesis tech- 
nique, consider the desired step response 
curve shown in Fig. 2. Equations 26, 27, 
and 28 give the resulting G’(s) for three 
different sampling rates. 


G'(s)= —0.36+0.058s —0.0055s2-++ 
0.000495’ —0.00009s4 


T=0.05 second, K,=2.9663 


G'(s)= —0.41++0.08s—0.0085s2-++ 
0.000675’ —0.000076s4 


T=0.1 second, 


(27) 


(28) 
K,=3.18725 


TIME -IN SECONDS 


52 Weaver, Sage, Miller—Synthesis Technique for Feedback Systems 


TIME- IN SECONDS 


Fig. 4. Transient response for 0.2-second 
sampling period 


G'(s)= —0.53-+0.137s — 0.0185s?-+- 
0.0016s*—0.000069s4 


T =0.2 second, Ky=38.74528 


The final form of G’(s) or G(s) may be 
designed to have any given pole zero 
excess. Using as an approximation G’(s) 


(29) 


a 


1+ds 


G"(s)= (30) 
the method of undetermined coefficients 
yields 


a=dy 


dq 


b=—— (31) 
where the d’s are given by equations 26, 
27, and 28 for three sampling intervals. 
The resulting open-loop transfer functions 
are 


2.963(1-+0.0404s) 
s(1+0.161s) 
_0.742(s-+24.8) 
~ s(s+6.21) 
T=0.05 


G(s)= 


(32) 


Fig. 5 (left). System response 


Fig. 6 (right). Transient’ re- 
ponse for system with dead- 
time delay 


3.187(1+0.0675s) _1.09(s+15) 


O(s) =" 4 -0:405s)0 ate (34 
THOM 
123s) 1.74(s-++8.15) 
oj ee (34) 


s(1+0.264s)  s(s+3.79) 
T=02 


The step response of these three sy 
tems is shown in Figs. 2-4. The effect of 
changing the sampling interval is clearly 
shown. 

If the constraint is imposed that G(s) 
contain no zeros and two poles, then 


Ky 2.963 


As) = Fiat) | ees 


(35) 
The transient response for the closed-loop 
system of equation 35 shows a 1% over- 
shoot and a time to peak of 1.06 seconds 
which is very close to the desired 
sponse. 


Example II 


As another example of the synthesis 
technique, consider the desired step re 
sponse curve shown in Fig. 5. Sampling 
at 0.2-second intervals, the resulting 
G'(s) and K, are 


G(s) = —0.788+0.994s—1.16s?-++ 
1.40s?—1.64st+.... (36) 


K,=0.875 
Approximating G’(s) by 


a 
1+ d,s 


the undetermined coefficients method 
yields 


a= dy 
O=d,+dob; (37 


and G(s) is therefore obtained as shown 
in equation 38: 


TIME- IN SECONDS 
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:) _0.875( 1+0.362s) 
s(1+1.26s) 
_0.252(s+2.76) 


s(s+0.794) 8) 


comparison of the specified and actual 
sed-loop response is shown in Fig. 5. 


cample III 


Consider the desired step-response curve 
own in Fig. 6. It is known that the 
en-loop function G(s) must contain a 
ne delay of 0.3 second. It is therefore 
nvenient to define 


C(s) 


i = 238, = 0 3s 
oo Rc) 


(39) 


umpling at 0.05-second intervals leads: 


(s)= —0.06210+-0.0041s— 


0.000003s?-+... (40) 


or an approximation in the form of two 


poles and no zeros, the method of un- 
determined coefficients gives 


— 0.0621 


Ries 
(s) 1+0.06602s+0.00431s2 


(41) 


The open-loop transfer function is there- 
fore 


1 -29(1+0.0179s+0.004315?) _ | 55 


G(s)= 
s(1+0.06602s+0.00431s?) 


(42) 


Fig. 6 compares the desired and actual 
response for this example. 


Conclusions 


The advantages and disadvantages of 
this technique may be enumerated as 
follows: 


1. The approximation of the transfer 
function may be of any order or any pole 
zero excess. 


2. It is possible to specify the location of 
one or more poles in the open-loop transfer 
function. 


A Linear Sei hing Condition for Third- 


Order Positive-Negative Feedback 
Control Systems 


S. J. GARRETT 


NONMEMBER AIEE 


ynopsis: A third-order switching servo- 
echanism is investigated that operates 
positive feedback for the first part of 
le transient response period and is switched 
to negative feedback for the last part. 
he optimum switching condition is de- 
rmined for third-order systems with 
th a step position input and a step 
locity input. The analysis is extended 
) higher-order systems. Experimental 
sults of an analog computer study are 
-esented. 


WEVERAL types of switching servo- 
® mechanisms appear in the litera- 
re.1—4 McDonald! and Hopkin? de- 
tribe a switching servomechanism that 
yplied full forward torque for the first 
art of the transient response period and 
1 reverse torque for the latter part. 
Then the system reached the rest posi- 
on, no torque was applied. The switch- 
g instant was determined as a nonlinear 
ction of the error signal and its first 
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derivative so that the system came to 
rest with no overshoot.. The minimum 
number of switching instances necessary 
for minimum response time was deter- 
mined. In 1954, Bogner and Kazda? ex- 
tended the idea to third- and higher-order 
systems. 

The difficulty with this type of switch- 
ing servo system is that any slight dis- 
turbances will cause full forward torque 
to be applied to the output. Hence, a 
dead zone near the rest position must be 
provided to keep the system from chatter- 
ing excessively. 

In 1958, Meiksin* introduced a switch- 
ing control system that operates as a 
positive feedback control system for part 
of the transient response period and as a 
negative feedback control system for the 
remaining part. The switching condi- 
tion for minimum time response with no 
overshoot for a step input was determined 
for second- and third-order systems. 


8. There is no assurance that the final 
open-loop transfer function will be minimum 
phase. 


4, The method of synthesis is very amen- 
able to machine calculation. 


Much of the difficulty associated with 
the technique appears to be connected 
with the undetermined coefficient method 
of specifying G’(s). This is a major short- 
coming of the synthesis technique as pre- 
sented here. 
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Again, the switching system had a faster 
time response for a position step input 
than did a corresponding linear negative 
feedback control system. 

This p-n feedback system has the added 
advantage that small inputs or disturb- 
ances result in small torques that drive 
the error of the system to zero. Thus, 
the p-n feedback system does not produce 
severe chattering. The switching condi- 
tion for second-order systems was given by 
a linear relationship between the error 
of the system and the first time deriva- 
tive of the error. However, for a third- 
order system, the switching condition 
determined by Meiksin is difficult to ob- 
tain either by analysis or by a physically 
realizable system. 

In this paper a third-order p-n feed- 
back switching control system is investi- 
gated. The optimum switching condition 
is developed for a p-n feedback control 
system for both a step position input and 
astep velocity input. This switching con- 
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dition is a linear function of the position 
error and the first and second time deriva- 
tives of the position error. In the anal- 
ysis, the system is assumed to be piece- 
wise linear. Phase-space analysis is used 
to determine the switching condition. 
Results of an analog computer study are 
presented in the following. 


Analysis 


The transient response period is divided 
into two intervals. During the first 
interval, which begins at +=0, the system 
is in the positive feedback mode. The 
second interval begins as the system is 
switched into the negative feedback 
mode. During each interval the system 
may be described by a linear differential 
equation. 

The negative feedback mode is ana- 
lyzed first. Phase-space analysis®® sim- 
ilar to that given by Meiksin‘is applied to 
determine the negative feedback trajec- 
tories, 

Analysis of the positive feedback mode 
consists of determining which negative 
feedback phase-space trajectories are 
intersected by the positive feedback 
phase-space trajectories. The switching 
condition is derived in terms of these nega- 
tive feedback trajectories. It is then 
shown that if the p-n feedback control sys- 
tem switches at the instant prescribed by 
the switching condition, minimum re- 
sponse time with no overshoot is obtained. 


Negative Feedback 


The general expression for the error 
of a type 1 third-order negative feedback 
control system with a step position input 
is 
Be+-abe+b6¢+ c0¢=0 (1) 

Equation 1 may be rewritten as 


Ge0 — Ox 
903 = Ben 
— Be, — b0e2 — A0¢3 = Be (2) 


where 0.:=0, 

It is convenient to consider the set of 
equations as a linear transformation of a 
vector 


||Alla.=6. (3) 
The set of equations 3 is transformed to its 
normal co-ordinates by the following 
transformation: 

ii | M [Xe 
6e=||M||Xe (4) 


where || I{ is the modal matrix and X, is 
the column matrix of the normal co- 
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ordinates. The modal matrix ||az|| is 
composed of rows which are proportional 
to the direction cosines of the normal 
co-ordinates. When the modal matrix is 
applied as in equation 4, the three de- 
pendent original equations 2 are separated 
into three independent equations such as 
those shown in equation 8. 

Equation 3 in terms of the normal 
co-ordinates may be written as 


| |All || a41/Xe=|] a0) Xe (5) 


Premultiplying by the inverse modal 
matrix gives 


ljalxe=Xe (6) 


where 


‘all=lae] [Al] [aq] =|P>. 0 0] 


ay Gig (7) 


and A;, \e, and d3 are the roots or eigen- 
values of the characteristic equation of 
the system. It is assumed that dj, Aa, 
and 3 are distinct negative real roots. 
The solution to equation 6 may be 
written as 


Xe = Xewe™! 
Xeg= X ener?! 
Xes=X ewes (8) 


where Xe, Xen, and Xe are the initial 
values of Xa, Xeo, and X 3 respectively. 

Plotting the projections of the trajec- 
tories on the Xeo-Xq and X¢-X¢ planes 
may be accomplished by the method of 
isoclines.’ The projection of the trajec- 
tory for a typical third-order system is 
shown in Fig. 1. 

The first equation of the set of equia- 
tions 4 is expanded to yield 


Ber = My X ere! + MieX eae?! + Mi gX vane! 

Bex = Ma X give! + May X e306?! + Mog X esre®8! 

Ges = MX eve! + MaX ened?! + Mas.X e308 
(9) 


From equation 9 it follows that the tran- 
sient response of the position error, 


~ 0a, is the sum of the projections of the 


normal components of the trajectory on 
to the 0. axis. Since the eigenvalues 
were assumed distinct, it may be assumed 
that Ihi|< [rol <|h3|. Thus, the eigen- 
vector corresponding to ; will be associ- 
ated with the term X ee™1, Hence, this 
eigenvector will be designated the slow 
eigenvector. Similarly, the eigenvectors 
associated with \, and \3 are designated 
the intermediate and fast eigenvectors 
respectively. 

Next, the equations for the eigenvectors 
are obtained in the 9-space, i.e., in terms 
of the co-ordinates 64, 6¢, and 6,3. The 
eigenvectors constitute the axes of the 


Fig. 1. Projections on Xe—Xe; and ie 
planes of negative feedback control syster 
phase-space trajectories 4 


normal co-ordinate system, In norma 
co-ordinates the equation for the slow 
eigenvector is 


Xoeo=0 
Xes=0 (10 
Equation 10 may be transformed i i? 
the 9-space giving 
Oe2 = Ber 
Ges = M17Oer (11) 
which are the desired equations for 
slow eigenvector. | 
In a similar manner the equations for 


the intermediate and fast eigenvector in 
that order are found: 


2 =NaBer ' 
es = do"Oe1 (12) 
en = Azer 4 
Bes = 3°Oe1 (13) 


Positive Feedback 


The general expression for a type 1, 
third-order positive feedback control sys- 
tem in terms of actuating signal is 


6;+06s+¢8s—c0;=0 (14) 


as follows: the Whine signal may | 
expressed in terms of the position input 
and output as 


93 =91+05 et 


. 2. Projection on 6-0 and 6e3-Ger 
nes of positive feedback control system 
phase-space trajectories 


ere 6; is the position input and @, the 
sition output. Similarly, the actuating 
or may be written as 


=O;—O (16) 


minating % between equations 15 and 
gives the desired result 


=20:—0s (17) 


ferentiating equation 17 twice results 


; —6; (18) 


= —Os (19) 


Jne method of showing the general 
ection of the positive feedback trajec- 
ies may be explained as follows: The 
place transform of equation 14 for a 
Pp position input, 6; is — 


_Ofs?taste) (20) 


(s'+as?+es—c) 

Routh’s criterion the characteristic 
tation 
-as?+es—c=0 (21) 


; one positive root and two negative 


The solution of equation 14 for a step 
position input is 
| b°+a6,+e 
OperG ame care 
(52+: )(63-+ 41) 
6% —adote 
( —6, —62)(53— 642) 
63? —ad3+e 
(—% 8 )—3) © 


ene 


Ce tia 


2A (23) 


Differentiating equation 23 twice leads 
to 


: | Morkente) 
0; =0s é 
(82-+61)(53-+5;) 
52( 52? —A6o+ e) 
( —6; —82)(53— 62) 


53(63 —a6,-++e) ey 4 
(abana Al ae 


ie eta 
(52+61)(83+41) 

527( 52? —ado+e) 
( —6; —82)(63 — 82) 


832(8; —a6,+e) = 1 
CEES Car a ae 


Since only the root 6; is positive, the 
transient response of 65, 6s, and 6, will 
depend eventually on the term ¢*1’ and 6, 
will begin positive and decrease through 
zero. 6, and 6, will both be negative. In 
any event, the projection of the trajec- 
tories of the positive feedback mode may 
be plotted on the 0¢2-0¢ and 43-8, planes 
fromthe solution of equations 23, 24, and 25 
for different values of ¢. A plot of typical 
projections of the positive feedback tra- 
jectory is shown in Fig. 2. 
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Switching Condition 


The response of the system will begin 
in the positive feedback mode. At a 
certain point on the positive feedback 
trajectory the system is switched into the 
the negative feedback mode; the partic- 
ular point is determined by the switching 
condition. An optimum switching condi- 
tion is defined to exist (1) if the switching 
condition may be simply obtained from 
the variables of the system, or (2) if the 
switching results in minimum time re- 
sponse with no overshoot. 

The optimum switching condition based 
upon the above criteria for a position step 
input is positive feedback for 


Ga>0, Xe 0, or 


 N310e1+ N328¢2+ N330e3 = Xe3 


the system responds in positive feedback 
until the projection of the trajectory on 
the normal co-ordinate X..=0, in which 
case the system is switched to the 
negative feedback mode. Thus, the slow 
eigenvector is eliminated in the p-n feed- 
back switching system. 

In the 0, 42, and 6,3 co-ordinates the 
switching plane, X.=0, becomes 


er = M2X e2+ Mi3X es 
062 = Mo2X e2+ Mo3X es 


O¢3= M32.X e2+ M33X es (28) 


where M7j is the element in the 7th row 
and the jth column of || a4] |. Equation 28 
is a simultaneous equation involving five 
variables and three equations. Two equa- 
tions and two variables may be eliminated 
to obtain 


My2.M33 ad My3M3. 
6 = ih, 
a ae = yee | ae 


Fee = Miz 
Msx( Mo3M32— Mo2.M33) Msp 


Jea=0 (29) 
Equation 29 may be reduced to 


1 
6.04 6,20 
roe et Ne 


(30) 


From equation 30 it may be seen that 
the switching plane passes through zero 
and the intermediate and fast eigen- 
vectors. It must be noted that the posi- 
tive feedback trajectory will intersect 
the switching plane for any step position 
input. 

Another method of deriving the equa- 
tion for the switching plane is to pre- 
niultiply the first equation of the set in 
equation 4 by the inverse model matrix. 


|| M||-®.=Xe (31) 


_ Equation 31 may be expanded to give 


NiOe1+ Ni2b¢2+ Nis0e3 = X et 
N20e1+ N220¢2+ N230¢3 = X es 
(32) 


where N27 is the element in the 7th row 
and jth column of the inverse modal 
matrix ||M||-. The switching plane 
becomes 


Xe = Ny8e1+ N42 ¢2+ N36¢s =0 (33) 


In a similar manner, equation 32 may 
be used to obtain the switching plane 
that will eliminate any eigenvector. 

The switching condition for a position 
step input may now be summarized as 


ts. The positive root, designated by 9a<0, Xa<0 (26) follows: the system is in positive feed- 
must be real and the negative roots, —42 and negative feedback for back when 
1 —63, may be real or complex. Re- 
ting equation 20 yields Oe1 =O, Xe <0, or Oea>0 and Bert K1Oe2+ Ko8e3>0, or 
01 <0, Xe 20 (27) Oe1<0 and Gat Ki0e2+ K2be3<0 (34) 
9 s?+as+e) (22) 
(s—681)(s+62)(s+6s) When this switching condition is used and in negative feedback when 
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Fig. 3. Typical type 1, third-order feedback control system 


Ge: >0 and 0¢1+ Kie2+ Koes <0, or 


6e1 <0 and Ber +K Oe2+ Kobes >0 (35) 
where 
Reb As 
| a 36 
1 sae (36) 
and 
1 
es 37 
ve (37) 


It is now necessary to show that switch- 
ing condition as given by equations 34 and 
35 results in minimum time response of 
the system to a position step input. The 
time response of a system is inversely 
proportional to the area between the 
projection of the trajectory on the 0..—6a 
plane and the 0. axis.” 

From Fig. 2 it may be seen that the 
area under the positive feedback trajec- 
tory is increasing as 0. decreases. 

Therefore, for minimum time response 
the system must remain in the positive 
feedback mode as long as _ possible. 
That the system must reach the rest 
position with no overshoot is the require- 
ment that limits the time the system may 
stay in the positive feedback mode. It is 
shown that this requirement is equiv- 
alent to requiring the system to switch 
before a change in algebraic sign occurs in 
the projection of the systems trajectory 
on the X.; axis. This is shown as follows: 
Equation 4 may be expanded to give 


9e1= Mu X er + Mi2X ea+ MizX 3 
0e2= May X e+ MX est MosX e3 
Ge3= Ma Xer+ Ma2X e+ MasX es 38) 


If equation 8 is substituted in the first 
equation of set 38, the result is 


Be. = My X ere’ + Mi2X ee?! + MisX esre®®! 
(39) 


Since the terms My2X ene?’ and My3X eg0- 
e's! decay toward zero faster than Mi,X e19- 
eM, (because |Ar|<|de|<|As| as stated 
above) 0, must have the same sign as My,- 
X, as time approachesinfinity. Further- 
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more, since the negative feedback system 
does not have overshoot for a position step 
input, and since Xa=Xewe™’ does not 
changesign in thenegative feedback mode, 
6-, must have the same sign as MX « when 
the system is switched from positive to 
negativefeedback. If MX and 0. have 
the same sign at the switching instant 
and if in the negative feedback mode 
6, and MX. have the same sign as time 
approaches infinity, the requirement 
that the system come to rest with no 
overshoot requires the system to be 
switched before X changes sign. 

The system remains in the positive 
feedback mode for the longest possible 
time and yet comes to rest with no over- 
shoot if the system is switched whenever 
the positive feedback trajectory inter- 
sects the plane Xo.=0. Thus, the switch- 
ing condition, given by equations 34 and 
35, results in minimum time response for a 


0.25 = 
the 
O ual Lats 


system that employs one switching 
stance in the transient response perio¢ 


Ramp Input 


The preceding discussion was for a § 
position input. In this case the dif 
ential error equation is equal to zero 
there is at least one integrator (type 1s 
tem) in the forward loop. On the ot 
hand, for a step velocity input the ef 
equation is equal to zero for a system tl 
has at least two integrators (type 2 § 
tem) in the forward loop. If a type 
system is subjected to a step velocit. 
put, a constant error will res 
Meiksin‘ concluded that for a type 
second-order positive-negative feedbe 
switching control system the time 
sponse for a step velocity input was 
greatly improved, 

By an analysis similar to that given: 
a type 1 p-n feedback control system, 
can be shown that for a type 2 p-n fe 
back switching control system the swit 
ing condition 34 and 35 results in mi 
mum time response for both a 
velocity input and a step position inp 
It would seem plausible that the sa 
switching condition would result 
minimum time response with no oversh 
for any combination of step position 2 
step velocity inputs. 

Furthermore, it appears that a 
acceleration input could be handled 
the same switching condition for a typ 
p-n feedback switching control syste 
However, a type 3 third-order negat 


SWITCHING POII 


Senn 
4CCCCNC Eases 
oC EEO SEEL TT 


ca 
ae 
Ee, 
ar 
ies) 
Bi 
BS 


(q 


Fig. 4. Transient response of control systems as recorded on analog computer 


A—Linear third-order negative feedback 
B—P-n feedback switching 
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eedback control system is not stable. A 
igher-order type 3 control system may be 
table, and hence could probably be used 
n a p-n feedback switching system that 
vould have a final value of zero error 
or a step acceleration input. 


ixtension to Higher-Order Systems 


It is interesting to note that as the 
ralue of an eigenvalue tends to infinity, 
he third-order system tends to a second- 
der system and the switching plane for 
he third-order system tends to the switch- 
ng line derived by Meiksin for a second- 
der control system, i.e., 


AoA 1 
, Made, va | 
\3—> co Azds3 Aads 


The switching condition is such that 
he slow eigenvector is eliminated in both 
he second- and third-order system. In 
ther words, the p-n control system is 
contrived to eliminate the slowest mode 
yf the transient response. This idea 
nay be extended to a system of any order. 
for an wmth-order system the modal 
natrix may be found by a process similar 


so the method presented for the third-— 


der system. The transformation to 
he normal co-ordinates will be made 


ising the modal matrix. 
de= || ||Xe 
).= || 1||X- (41) 


The inverse transformation will be made 
ising the inverse modal matrix 


|M1||-"9.= Xe (42) 
which may be expanded to give 
Ni8e1+ NixBext . ..+ Ninden=Xer 

(43) 


Naver Neat ...+Nonfen=X ex 


NmOert Nrbet...+Nunben=Xen 


| . 
_ If Xa is the sloweigenvector, the switch- 


ng condition will then be positive feed- 
ack for 


a> 0 and X¢>0, or 


la<0 and Xa<0 (44) 
ind negative feedback for 

lex > 0 and Xo, <0, or 

i <0 and X—>0 (45) 


The system will switch from positive 
0 negative feedback when 


Niet Ni28e2+ . ..+NinPen=0 


If the system is to be switched only 
ynce during the transient response period, 
he optimum switching condition is 


(46) 
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given by equations 44 and 45. For, if 
the system were switched in the transient 
response period any later than it would 
be if switched according to equations 44 
and 45, it would overshoot. On the 
other hand, if the system were switched 
earlier in the transient response period, 
if would respond more slowly because it 
would be in negative feedback longer. 


Numerical Example 


Consider a system shown in Fig. 3 
and described by the following differential 
equation in the negative feedback mode. 


6e+6.06.+9.46.+4.00,=0 (47) 


The charactet1istic equation of this system 
is given by 


3-+6.0\2-+-9.4A+4.0=0 (48) 


The roots of this equation are 


1 = —0.7070 
Ae = — 1.4863 


As = —3.8067 (49) 


Then, by equations 36 and 37 


K, =0.9354 


K.=0.1767 (50) 


The switching condition is given by 
equations 34 and 35 and may be written 
as positive feedback when 


9e>0 and 6e:+0.93546¢2-+-0.17670¢3>0, or 
Ger<0 and 6¢:+0.93540e2+0.17670es<0 (51) 


and negative feedback when 


6e1 >0 and 6¢1:+0.93546e2-+0.17670¢3 <0, or 
0e1 <0 and 0¢1:+0.93546e2+0.17676e3>0 (52) 


Thus, for a step position input the 
system will respond in positive feedback 
initially and will switch into negative 
feedback when the switching condition 
given by equations 51 and 52 is reached. 
This was demonstrated on an analog 
computer as described in the following 


paragraph. 
Analog Computer Study 


An analog computer study was con- 
ducted for a system represented by the 
block diagram in Fig. 3. The differential 
equation describing the system in the 
negative feedback mode is 


6,.+6.06,+9.46¢+4.00.=0 (53) 


The initial conditions were 9¢=1, 6¢2=Oe3 
=0. The equation for the switching 
plane. is 


0e1+0.93540¢2+ 0.17670e3 = 0 (54) 


Be 
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Fig. 5. Projections of trajectories of linear 
negative feedback control system as recorded 
on analog computer X-Y plotter 


LINEAR NEGATIVE FEEDBACK CONTROL 
SYSTEM 


The transient response for the linear 
negative feedback control system is shown 
in Fig. 4(A). The time response (meas- 
ured from ¢=0 the time the system reaches 
95% of its final value) is 6.33 seconds. 

An X-Y plotter was used to plot the 
projection of the trajectories of the 
response of the system on the 6¢2.—0¢ and 
Ae—9%1 planes. These trajectories are 
shown in Fig. 5. 


P-N FEEDBACK SWITCHING CONTROL 
SYSTEM 


The transient response for the p-n feed- 
back control system is shown in Fig. 4(B); 
the time response as measured from this 
is 3.33 seconds. 

The projections of the trajectories on 
the 0c2—0e1 and 4¢3-9¢, planes were plotted 
for several values of step position input; 
see Fig. 6(A). To contrast the linear 
system with the switching system, the 
projections of the trajectories of both 
systems are shown on the same planes in 
Fig. 6(B). 

The switching condition was varied by 
changing the value of the constants in the 
equation for the switching plane: 


6+ POee+ Rbe3 sa 0 (55) 


When P and R were equal to the values 
given in equation 54, the system switched 
at the proper time to eliminate the slow - 
eigenvector. The output of the system 
reached the final value with no overshoot. 

When either P or R, or both P and R, 
were increased, the system switched 
earlier in the transient response period. 
Also, the system switched from negative 
to positive feedback and back again 
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Fig. 6. Projection of trajectories on Ge2-G.1 and c:—He1 planes 


A—P-n control system 
B—Linear and switching systems 


several times during the negative feed- 
back part of the transient response period. 
The output of the system reached the 
final value with no overshoot. 

When either P or R, or both P and R, 
were decreased, the system switched later 
in the transient response period. The 
output reached the final value with over- 
shoot. However, the value of P and R 
is not critical. A decrease of 20% in P 
and R resulted in less than 5% overshoot. 


Interpretation of Results 


The results of the analog computer 
study confirm the validity of the ana- 
lytical treatment. The time response was 
decreased 47% by using the p-n feedback 
switching control system instead of the 
linear negative feedback control system 
with the same power-handling capacity. 

The amount of damping in the system 
was not changed during the transient 
response. The time response of the sys- 
tem may be further reduced if the amount 
of damping during the positive feedback 
mode is held to the minimum inherent in 
the system and if additional damping is 
introduced into the system when the 
system is switched into the negative feed- 
back mode. This can be accomplished 
easily by switching in a proper feedback 
network. 

The switching condition will be deter- 
mined from the characteristic equation 
of the highly damped linear negative feed- 
back system using equations 34 through 
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37. It may be expected that a similar 
decrease in time response will be obtained 
by operating other linear negative feed- 
back systems as p-n feedback switching 
systems. 

The results obtained by varying the 
constants in the switching plane equa- 
tion are explained by considering the 
position of the switching plane with re- 
spect to the positive feedback trajectories. 
When the constants P and R& of equation 
55 are made higher than the calculated 
value for optimum switching, the switch- 
ing plane is tilted so that the positive 
feedback trajectories will intersect it be- 
fore the projection of the trajectories on 
the normal co-ordinate X. is zero. The 
equation for the transient response will 
therefore contain a term that corresponds 
to the slow eigenvector. The trajec- 
tory of the system in negative feedback 
will not remain in the switching plane but 
will travel toward the slow eigenvector. 
When this occurs, the system is switched 
back into the positive feedback mode. 

In the positive feedback mode the 
trajectory of the system is driven toward 
the switching plane once again. The sys- 
tem is switched in and out of positive 
feedback several times. This switching is 
undesirable and may be eliminated by 
decreasing the constants P and R in the 
switching plane equation. 

When the constants P and R are de- 
creased, the switching plane is tilted so 
that the positive feedback trajectory will 
intersect it after the projection of the 


trajectory on the normal co-ordinate X, 
has changed in algebraic sign. Th 
trajectory will leave the switching plan 
and travel toward the slow eigenvector 
but in a direction that carries it deepe 
into the negative feedback region. 
has been shown that if the system {4 
switched after the projection of the tra 
jectory on the normal co-ordinate X « has 
changed sign, the output of the system 
will overshoot its final value. 

In a practical system it would be good 
design to decrease the constants P and R 
below the theoretical value for optimu: mn 
switching, to insure that the system 
switched only once during the transient 
response period. The overshoot of 
output of the system is barely noticeable 
if the constants P and R are made 10% 
to 20% below the theoretically opt’ 
values. 

The switching condition is not critical 
ie., if the switching instant is missed 
slightly the system will reach the steady 
state without hunting or noticeable over- 
shoot. 


Conclusions 


For a linear third-order type 1 negative 
feedback control system that has three 
distinct real roots to its characteristi¢ 
equation, the following new conclusions 
may be drawn for a step position input: 


1. The time response can be decreased 
by operating the first part of the transient 
response period in positive feedback, and 
switching according to the derived switch- 
ing condition into negative feedback. 


2. The transient response of the system 
may be considered as being composed of 
three independent modes. The mode 
decay exponentially with an increasing 
time. Any mode can be eliminated b 
switching into negative feedback when th 
initial value of the mode is zero. 


3. Ifthe system is switched from positiv 
to negative feedback when the initial valu 
of the slowest mode is zero, the system 
responds with the fastest time responsé 
and no overshoot. This switching condi 
tion is the optimum switching condition. 


If a type 2 p-n feedback control system 
is used instead of a type 1 system, th 
following new conclusions are drawn: 
4. The analysis and operation of the typ 


2 system is the same as the type 1 systen 
for a step position input. 


5. The optimum switching condition re 
sults in the fastest time response with ne 
overshoot for a step velocity input. 


If a higher-order p-n feedback contro 
system is used instead of a third-order sys 
tem, the following new conclusions ar 
drawn: 


6. The transient response can be sepa 


May 196 


ted into independent modes by an analysis 
at is similar to the method used for the 
ird-order system. 


The slowest mode of the transient 
ssponse can be eliminated by switching 
to negative feedback when the initial 
alue of the slowest mode is zero. 


Eliminating the slowest mode in an 
th-order system results in the fastest 
me response with no overshoot for a 
stem that only switches once during the 
ansient period. 


omenclature 


, b,c,e=constant coefficients of third- 
order differential equations 

||=linear transformation matrix 

1, K,=constant coefficients of equation 
defining switching condition 

||=modal matrix of negative feedback 
control system 

4=element of ith row and jth column 

of modal matrix 

77=element of ith row and jth column of 
inverse modal matrix 

time 


Xe, Xe2, Xe3=normal co-ordinates of third- 
order negative feedback error phase- 
space 

61, 52, 63=eigenvalues of positive feedback 
system 

6¢=error signal of negative feedback control 
system 

Oe1 
4¢= ||8e2|| = vector from origin of co-ordinates 
6e3|| to point in “error” phase-space 
6;=input signal of system 

6=output signal of system 

6;=actuating signal of positive feedback 
control system 

M1, Ax, As=eigenvalues of negative feedback 
system 

||A|| =diagonal matrix of negative feedback 
eigenvalues 

|| || =matrix 

D=damping coefficient 

J=moment of inertia 

Kq=amplifier gain 

Ky=voltage-velocity constant of d-c motor 

Km =torque-current constant of d-c motor 

K,=pilot motor constant 

Rqa=armature resistance of d-c motor 

s=Laplacian operator 

4, 2 =amplifier time constants 

t3=motor and load time constant 
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ANSGAR HANSEN 


MEMBER AIEE 


HE MOST commonly available ad- 
justable speed drives of today use the 
e motor. The speed can be controlled 
armature voltage variation, field cur- 
nt variation, or a combination of both. 
here the load torque is essentially con- 
nt throughout the speed range, arma- 
e voltage control is used. The second 
thod, motor field adjustment, is most 
onomical where the load power is sub- 
ntially constant over a speed range not 
der than 4 to 6. When an extremely 
de speed range is desired with reduced 
que at the higher speeds, the combina- 
m of both armature and field control 
es good results. At low speeds, the 
tor feld is usually maintained at a 
istant level and the motor speed is 
ried by changing the armature voltage. 
en rated armature voltage is reached, 
speed can be further increased by 
akening the field. The armature volt- 
, in any case, may be supplied from a 
rd-Leonard generator, magnetic ampli- 
, tubes, or semiconductors. 
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Automatic Speed Regulation of D-C 
Motors Using Combined Armature 
Voltage and Motor Field Control 


ALAN W. WILKERSON 


NONMEMBER AMEE 


On early drives, the combination of 
armature and field control was accom- 
plished by operating rheostats or potenti- 
ometers in the field circuits of a Ward- 
Leonard system. The rheostats were 
either two independent units, or they were 
tandem mounted so that a single knob 
would provide operation over the entire 
range. Such systems are still commonly 


used. However, it is frequently neces- . 


sary to obtain better speed regulation with 
varying load than can be obtained with 
the rheostat systems, and the users of the 
drives often will not tolerate the physical 
size of the rheostats capable of handling 
the field power. Accuracy of the drive 
and miniaturization of speed setters can 
best be met by closed-loop feedback sys- 
tems, which in recent years have become 
very popular. 

This paper deals with closed-loop feed- 
back circuits for combined armature and 
field control. Because these circuits 
automatically change from armature 
voltage control to field control at a pre- 


determined point, they are commonly 
called crossover circuits. Two types will 
be discussed: one has been developed for 
conditions requiring very close regula- 
tion, low drift, and a linear relationship 
between input signal and output speed. 
This type utilizes a tachometer generator 
connected to the motor. 

The other type was developed for drives 
where accuracy and linearity can be 
sacrificed to reduce cost. This system 
does not require a tachometer generator. 
It is believed that each type of system 
represents a new approach to the problem 
of wide range automatic speed control of 
d-c motors. 


Crossover Control Using a 
Tachometer Generator 


With combined armature voltage and 
motor field control, it is usually desirable 
that the motor field be fully excited at all 
speeds below base speed, and that the 
armature voltage remain at the rated 
level for all speeds above base speed. If 
this is accomplished, optimum motor per- 
formance will be obtained. One of the 
most difficult problems in an automatic 
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control with this type of operation is to 
effect the crossover from armature control 
to field contro’ smoothly, without any 
discontinuities, yet also precisely, so that 
the two ranges do not excessively overlap. 
Another problem is to avoid a major 
change in system gain at the point of 
crossover. Such abrupt changes in gain 
are frequently accompanied by over-all 
system instability and oscillations, or 
hunting. It is desirable that the system 
should not require complex or numerous 
adjustments for proper operation. 

The circuit discussed here meets all 
these requirements, and needs only one 
simple adjustment to determine the cross- 
over point, regardless of the range of 
motor field control. The use of a tachom- 


+0 


REFERENCE 
VOLTAGE 


Block diagram of tachometer crossover system 


eter generator for feedback results in a 
linear relationship between speed and 
reference signal, and also makes extremely 
accurate speed regulation possible. 

The general scheme of the circuit for 
crossover control using a tachometer 
generator for feedback is shown in the 
block diagram of Fig. 1. Although a 
Ward-Leonard generator is used as the 
source of armature power, any of the 
increasingly popular static d-c supplies 
would serve equally well. 

At the input to the static switching 
unit, a comparison is made between a 
reference signal corresponding to desired 
speed and a tachometer feedback signal 
proportional to actual drive motor speed. 
The entire system works to keep these two 


FIXED 
by eg. ed 
= VOLTAGE + 


TACHOMETER 
GENERATOR’ 


signals as nearly equal as possible, and a 
difference between them acts through t 
generator and motor field amplifiers 
change the motor speed in a manner th 
reduces the unbalance. This differen 
between reference and feedback signals 
known as the error signal and the accura 
of the system is dependent upon keepi 
the error as small as possible. 

The generator and motor field amp 
fiers can, of course, be vacuum-tu 
thyratron, magnetic, or semiconduct 
amplifiers. In fact, all of these typ 
have been used successfully. In the sy 
tem to be described, transistor amplifie 
provide high-gain and low-input pow 
requirements. They are followed 1 
magnetic amplifiers for the relative 
high power required to excite the fields. 


The static switching unit channels a1 
changes in error signal to the prop 
field amplifier, depending on wheth 
the drive is below or above base spee 
Actual switching from generator fie 
amplifier to motor field amplifier 
directed by a signal from the mot 
armature voltage. Switching occu 


when this signal reaches a predetermin« 
level, corresponding to base speed. 
Below base speed, any increase in err 
signal is applied through the static swite 
ing unit to the generator field amplifier 
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Fig. 2. Complete schematic of transistorized tachometer crossover system 
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_3. A—Transistor preamplifier. 
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diagram of circuit and preamplifier 


se the motor armature voltage and 
rease motor speed. Motor field 
sngth does not change. When base 
ed is reached, further increases in 
or signal are switched to the motor field 
plifier, which weakens the motor field, 
in increasing motor speed. 

\ccuracy of speed regulation depends 
yn. the stability of the reference signal 
1 also upon the relative magnitudes of 
_ teference and error signals. For 
mple, if the maximum reference signal 
100 times as large as the error signal 
essary to operate at maximum speed, 
n the steady-state difference between 
ual and desired speed will never be 
ater than 1.0% of top speed, since a 
% error is sufficient to cause full opera- 
1 of both field amplifiers. With a 
hometer generator for feedback, out- 
speed will be directly proportional to 
srence signal, and nonlinearities in the 
er components of the system will not 
ise significant variations in this linear 
‘tionship. 

“he entire control circuit is shown in 
. 2. To aid in understanding the sys- 
1, operation of the field amplifiers and 
ion of the static switching unit will be 
cribed separately. 

‘ig. 3(A) is a transistorized preamplifier 
t drives the magnetic power amplifiers 
plying each of the two fields. The 
se elements of the transistors are 
siled ¢, b, and c for emitter, base, and 
ector respectively. Current entering 
ut terminal 2 and leaving through 
minal 1 passes through the emitter- 
e junction of transistor 17'S and causes 
uch larger current between the emitter 
collector of 17S. Except for a very 
Wl amount through 1R, this emitter 
rent of 17S must flow through the 
tter-base junction of 27S, where it 
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causes a still larger current in the emitter- 
to-collector path of 27S. The collector 
current of 27S, 5,000 to 10,000 times 
larger than the original signal, becomes 
the input current to control winding 1 of 
1SX, the magnetic amplifier. Resistor 
2R is adjusted to limit the output of 27S 
to a safe value. Rectifier 2RT acts as a 
discharge path for the inductive current of 
the control winding when transistor 
2TS is suddenly turned off by an in- 
coming signal. 

The forward voltage drop across recti- 
fier 3RT provides a small reverse bias for 
transistor 27\S, necessary for operation 
above 50 degrees centigrade. Resistor 
3R adjusts a fixed current through wind- 
ing 2 of 1SX, to bias the magnetic ampli- 
fier for the desired output when 27S is not 
conducting. In the case of the generator 
field magnetic amplifier, this bias is used 
to obtain minimum output in the absence 
of a control current from the transistor 
preamplifier. Transistor output current 
then acts to increase the magnetic-ampli- 
fier output. With the motor field mag- 
netic amplifier, the fixed bias provides 
rated field excitation, and the transistor 
output causes the magnetic amplifier to 
weaken the field. 


Of considerable importance to the use 
of this transistor amplifier is its input 
impedance. When terminal 2 is positive 
with respect to terminal 1, a path of very 
low resistance exists through the emitter- 
base junction of 17S. When terminal 1 
is positive with respect to terminal 2, a 
similar low-resistance path exists through 
diode 1RT. The input terminals there- 
fore represent a very low impedance to 
current flow in either direction. Because 
of this low impedance, signals must be 
applied as currents, rather than voltages, 
since a voltage of more than a few tenths 
of a volt would cause destructive cur- 
rents. 


Fig. 3(B) shows the static switching 
circuit, containing three transistor 
switches. Transistor 17S senses arma- 
ture voltage, and switches 27'S and 37S 
when the rated base speed level is reached. 
A fixed d-c voltage applied to terminals 1 
and 2 causes a current through 1R and 
4RT, tending to keep transistor 17S in 
the nonconducting state. A second cur- 
rent through 2R and 1RH, proportional 
to motor armature voltage, tends to 
switch transistor 17'S to the conducting 
state. When this second current exceeds 
the first one, transistor 17°S turns on and 
applies the 6.3 volts from 1PT to the 
primary of 8PT through bridge rectifier 
1RT. Rectifiers 2RT and 3RT convert 
the a-c output voltage of 3PT to d-c, for 
switching 27S and 37‘S. The crossover 
point at which 17S switches is adjusted 
by rheostat 1RH. 


Transistors 27'S and 3TS are the static 
switches that direct the error signal to the 
two field amplifiers. Below base speed 
when there is no voltage on transformer 
3PT, transistor 27'S has no signal applied 
to its base and emitter. The base-to- 
collector path through this transistor 
therefore represents an essentially open 
circuit, available as an output function at 
terminals 4 and 5. Transistor 37S also 
receives no signal from transformer 3PT 
below base speed, but a direct current 
from the rectified output of transformer 
2PT flows through resistor 5R and the 


Fig. 4. Curves of armature 
and field voltage versus 
motor speed 
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base-emitter junction of 37S, to make 
the collector-to-base path through 37S 
essentially a short circuit. This short 
circuit appears at terminals 5 and 6. 
Note that 37S is an n-p-n transistor, in 
contrast to the p-n-p types used elsewhere 
in the system. 

When the armature voltage becomes 
large enough at base speed to switch 17S 
ON, the voltage from 3PT sends a current 
through 3R and the emitter base junction 
of 27S, changing the resistance at ter- 
minals 4 and 5 from an open circuit to a 
short circuit. In addition, a current 
through 4R exceeds the turn-on current 
through 5R, and transistor 37S switches 
to the open-circuit state at terminals 5 
and 6. To summarize, below base speed, 
terminals 4 and 5 are open-circuited and 
terminals 5 and 6 are short-circuited; 
above base speed, the reverse is true. 

Fig. 3(C) shows in detail how the static 
switching unit is intereconnected with the 
two transistor field amplifiers. The error 
signal is shown as a solid arrow below 
base speed and as a dashed arrow above 
base speed. Below base speed, the error 
signal current does not pass through the 
input of the motor field amplifier, since 
an easier path exists through terminals 6 
and 5 of the static switching unit. The 
motor field excitation therefore will not 
change. Error signal current will flow, 
however, through the generator field 
amplifier, since terminals 5 and 4 of the 
static switching unit are open-circuited. 
Thus the error signal causes changes in the 
motor armature voltage. Above base 
speed, the opposite action takes place, 
and error signal current goes through the 
motor field amplifier and by-passes the 
generator field amplifier. To be ab- 
solutely correct, however, not all of the 
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error signal above base speed goes through 
terminals 5 and 4 of the static switching 
unit, since a certain amount is required 
through the generator field amplifier input 
to maintain rated armature voltage. 
Similarly, some of the error current will 
necessarily pass through terminals 6 and 
5 above base speed. The static switching 
unit redirects only the amount of error 
signal which exceeds the value required 
to bring the motor to base speed. 

The curves in Fig. 4 show actual 
measurements taken on a drive using this 
control circuit, demonstrating the varia- 
tions in armature and field voltages with 
speed, There is very little overlap be- 
tween the armature and field ranges of 
control, Although these curves represent 
motor field control over a 4-to-1 speed 
range, equally satisfactory performance is 
obtained without adjustment over any 
other range for which the motor may be 
designed. 

Referring to Fig. 3(A), the method of 
comparing the reference and feedback 
signals may appear to be somewhat un- 
conventional. 
input impedance of the two transistor 
amplifiers requires a current for the input 
signal rather than a voltage, it is more 
convenient to add the reference and feed- 
back currents in parallel, as opposed to the 
usual series connection used in adding 
voltages. With this summing method, 
it is not necessary that the reference and 
feedback voltages be equal, since equal 
currents may be derived from unequal 
voltages merely by proper sizing of series 
resistance. Tachometer generator selec- 
tion is therefore correspondingly less 
critical than in a voltage comparison feed- 
back system. 

Current limit circuitry for protecting 
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amplifier 


However, since the low ° 


Complete 
semiconductor field 


the armature circuit of the motor an) 


generator from damage by excessive Ctl 


rents is easily applied to this crossoye 
system. Such a control introduce 
additional signal, capable of overco mui 
the error current, whenever armattr 
current is too large. This signal must ¥ 
able to assume either polarity to 
tect for both forward and regenerat 


currents. 


inserted between the reference vol 
from the speed setter and the input to th 
system. The reference current then 
and falls according to the internal chag 


| 


Tick 


q 


regulators, since the reference and f 
back signals may be made proportion 
any desired quantity, and a tachometd 
signal is not required to accomplish HL 
crossover. 


Such an amplifier is shown in Fig. | 
The dual transformation serves two pull 
poses: it isolates the amplifier input ar 
output, and it allows the use of low-w 
tage controlled rectifiers to supply higg 


rectifier amplifier can be directly su 
stituted in the crossover circuit or in an 
other system where the first amplifier 4 
used. 


Crossover Circuits Without 
Tachometer Feedback 


Many applications for wide-speed-rang 
adjustable speed drives do not reqtiil 
the accurate speed regulation and thee 
treme linearity obtainable with the tac 
ometer feedback schemes discussed in 
previous section. For such application 
it is desirable to eliminate the tachomet 
generator, which is a fairly delicate con 
ponent, thereby also eliminating possi 
long tachometer leads, and cutting 
cost. Such tachometer-free contr 
schemes have been developed, mee 
the requirements stated in the prev 
section, to obtain a smooth transiti 
between the armature voltage contt 
range and the field-weakening rami 
with little overlap and negligible change 
system gain. ; 

In the previous section the co 
components, amplifiers, and swite 
circuits were of prime interest; in 
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6. A—Schematic 1-line diagram for crossover without tachometer feedback. B—Modified circuit where low-gain motor field amplifier 


on, in which the new circuits are dis- 
2d, amplifiers are shown only as blocks 
hasizing the basic idea. The ampli- 
actually used are of the same type 
scussed previously. 

| Fig. 6(A) one of the schemes is 
mn, for simplicity, as a 1-line diagram; 
Surrent-resistance drop compensation 
current limit devices (which would 
aally be incorporated) are not shown. 
he speed is set by means of the 
ntiometer P; parallel-connected to a 
ntiometer P; which is series-connected 
yarallel-connected) to the motor field 
ling. P»is used to adjust for desired 
-weakening range. The outputs of 
nd P: are connected through back-to- 
; connected diodes D; and Dz. The 
uit e; of P; is used for reference voltage 
1e generator field amplifier A,, which 
upplied with a negative feedback 
al from the armature voltage é¢g. The 
age €3 appearing at the diode center 
s used for the feedback signal to the 
or field amplifier A,,, which is pro- 
d with a substantially constant refer- 
signal e,. 

ne crossover point is the point at 
h P; is set so that ¢:=é:. Below this 
, when ¢,<¢é, the diode D; blocks and 
pnducts, rendering the feedback volt- 
2r equial to-e, and proportional to the 
br field current. The field current 
proportional to the reference volt- 
,, and for proper adjustment the field 
ent will be equal to the rated field 
nt. The voltage e; will vary linear- 
vith the displacement of the speed 
r P;. Because é; is the reference sig- 
o the generator field amplifier and 
use the motor field current is con- 
, the motor speed will be a linear 
ion of the speed setter displacement 
6 as indicated in Fig. 7. 

should be noted that a change in 
reference voltage e, will affect the 
l to a minor degree only. If the 
is nonsaturated it will not affect 
peed at all, because both armature 
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can be used 


voltage and field voltage will change with 
changing e;. 

If the speed setter is turned up so that 
€\>e2 the diode D, will be conducting and 
Dy, will be nonconducting. Thus, the 
feedback voltage e; is now equal to the 
output voltage e; of the potentiometer P; 
and, because of the feedback, the motor 
field current e, is proportional to e,;, and 
not Zy. 


é; = Kye, (1) 


Also, because the armature voltage e, 
is proportional to é, 


Ce — Wenen (2) 


Hence, if e,; is constant, the armature volt- 
age will be constant. The motor field 
current 7, will be inversely proportional to 
the displacement angle @ of the speed 
setter Pi, which can easily be shown, 
From the figure 


17RO20/Omax es (3) 


As already shown, eé is constant, and 
4, and @ are therefore inversely propor- 
tional. Further, if the motor is non- 
saturated, then, as will be seen, the motor 
speed w is proportional to @. 


i= Kywea/tz (4) 


Equations 1 through 4 render 


w= Ke (5) 
where 
K=K aK wyR2/Omax (6) 


It has been shown that in the armature 
voltage adjustment range w is propor- 
tional to 6. Equation 5 shows that if the 
motor is nonsaturated, the inherent linear 
relation between w and @ holds also in the 
field-weakening range; see Fig. 7. Al- 
though the linear relation is distorted by 
saturation, the distortion is usually tol- 
erable and considerably less than that 
found in many other crossover schemes 
without tachometer feedback. 

As seen, if the motor field is non- 


saturated, the change in the reference 
voltage e, will not affect the speed; equa- 
tion 5 shows that, also in the field-weaken- 
ing range, w will be independent of e, when 
the motor is not saturated. It is known 
that the control is fairly insensitive to 
changes in the reference voltage e, even 
with some saturation in the motor; con- 
sequently the line voltage will usually be 
sufficiently constant as a reference source. 

By taking the feedback to the motor 
field amplifier from the armature voltage 
instead of from the output of the speed 
setter potentiometer, a motor field ampli- 
fier with lower power gain can be used. 
Such a modification is shown in Fig. 6(B). 
The performance of this scheme is the 
same as that in Fig. 6(A), except that a 
small dependency is introduced between 
armature voltage and field voltage. This 
dependency can under certain conditions 
affect the stability. 

A modification further decreasing the 
necessary power gain of the motor field 
amplifier is shown in Fig. 8(A). In the 
armature voltage range, this control oper- 
ates as in previously discussed schemes 
except that the motor field circuit is an 
open-loop circuit, with amplifier A, 
biased to saturation with a low bias; 
see Fig. 8(B). There is no feedback be- 
cause in this range e;’>e,’ and the diode 
D is nonconducting. The potentiom- 
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Fig. 7. Curves for motor field current, 
armature voltage, and motor speed versus 
speed setter position 
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Fig. 8. Schematic diagram for simplified crossover without tachometer feedback 


eters P. and P; and the resistor R are 
set so that when e, with increasing dis- 
placement angle 6 of the speed setter P 
approaches the rated value égmax a feed- 
back current will flow to Am, decreasing 
the motor field voltage. 

The control operates as the schemes 
shown in Figs. 6(A) and (B) except that 
the crossover is somewhat less sharp and 
the dependence between armature circuit 
and motor field circuit is greater; how- 
ever, it can be shown that stability is not 
a problem if R is set so that e, increases 
slightly with decreasing field current. 
The scheme is a little more susceptible 
to drift than the other schemes but it has 
been proved for a large number of applica- 
tions. One of its great advantages lies 
in the small number of components re- 
quired by the control, as a result of which 
it is noncomplex and extremely reliable. 

Figs. 6 and 8 comprise a family of three 
tachometer-free crossover schemes of 
varying complexity for varying require- 
ments. They are all compatible with 
standard current-resistance drop com- 
pensation schemes and current limit 
circuits. If special precaution is taken 
in the connection, they are also compatible 
with standard timed acceleration-decelera- 
tion schemes of the electronic and tran- 
sistor types. Because it is very often 
desirable to use timed acceleration-de- 
celeration, special consideration is given 
in this discussion to the problem. 

As a general rule, most acceleration- 
deceleration circuits for adjustable speed 
d-c drives are, like the one shown in Fig. 
9(A), interposed between the speed setter 
and the first-stage amplifier feeding both 
armature voltage control and motor field 
control. When the input signal to the 
acceleration circuit changes, the output 
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also changes, but at a slower rate, deter- 
mined by the internal characteristics of 
the acceleration circuit. 

If the acceleration control shown in Fig. 
9(A) is applied between the speed setter 
and the amplifier A, in the scheme of Fig. 
8, the control works very well in the arma- 
ture voltage range of speed control, but 
above base speed acceleration control is 
lost, and the motor field weakens imme- 
diately in response to a rapid increase in 
speed setter position. 

To understand this action, it is neces- 
sary to remember that above base speed 
the armature voltage from the generator 
is essentially constant. When the speed 
setter is suddenly advanced above base 
speed, the input the acceleration circuit 
increases, and the output will begin to 
increase slowly. However, only a slight 
increase in the output of the acceleration 
circuit is needed to increase the armature 
voltage so much that the feedback signal 
through diode D is large enough to turn 
the motor field amplifier off. The field 
will weaken almost immediately, just 
enough to make e; equal ¢;’._ Thus, if the 
scheme of Fig. 9(A) combined with Fig. 8 
is used above base speed, the new speed 
will be obtained immediately without any 
control of the acceleration in spite of the 


‘ presence of an acceleration control unit. 


It can therefore be seen that a standard 
acceleration circuit cannot be used in 
the usual way on this type of crossover 
circuit. 

Fig. 9(B) shows how a timed accelera- 
tion-deceleration control must be con- 
nected to the basic scheme of Fig. 8(A). 

The voltage signal e, is a bias voltage 
equal to the value of ey) at full field. Thus, 
below base speed, the potential of the 
points A and B are equal and the control 
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Fig. 9. Acceleration-deceleration cor 
A—Normal connection. B—Connectes 
crossover without tachometer feedba 


operates in this range exactly as apf 
to a drive without field weakening. 
the field-weakening range the opera 
can best be illustrated by calculating 
response to a step change A@ in the sj 
setter displacement angle @. Ass 
that the control is a log-acceleration 
trol unit with time constant T; assi 
that the time lag in amplifiers and inf 
backs is negligible compared with 

reasonable assumption), and let 

gain from signal e;’ back to the sign 
be &; then 


eo= Re, —¢,') 

eo = ep +ég 

€ a €00/Omax 
€;'= estes 

i= +s 
€s=€s-+ 1 de,/di 


Considering incremental changes 
the equations yield 


Aeo= €A0/Omax (1—e/7’) 


A step change in 6 is represented b: 


‘and 


Te — T@max/ 6 


The corresponding incremental chi 
in speed Aw will be 


Aw = Aw s(1—e/7") 


where Aw, is the final change in sf 
Equation 9 shows that in response 
step change in speed setter positior 
speed will change smoothly until 
speed is reached but that the ra 
change will be different from the ra 
change in the armature adjust 
range. The different rate of chan 
the armature voltage range and ir 
field-weakening range has usually pi 
acceptable, 
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WIDESPREAD FEELING exists 

throughout the automatic control 
d that the art has matured to the point 
ere standardization of performance 
cifications should be considered. In 
t, during a 2-year study in which con- 
t was made with approximately 100 
itrol system vendors, only once were 
: authors told that the problem was un- 
portant. This paper reports on the 
it portion of the study: linear systems. 
e specifications discussed fall naturally 
o three groups: frequency domain, 
1 domain, and generalized perform- 
se indices. Recommendation of a 
nconflicting set of specifications is made 
m these groups. In addition, a dis- 
ssion of statistical specifications and 
ommendations on data presentation 
. given. 
[wo points should be made at the 
rset. First, while a fairly complete 
cussion of recommended specifica- 
ns is attempted, space limitations pro- 
it inclusion of those rejected. Second, 
cifications meant for industry-wide ac- 
ytance must not invade the province of 
ign; that is, they must not: dictate 
sign techniques and procedures, but 
t solely on input-output measure- 
nts. Only those specifications neces- 
y to performance of a particular sys- 
n are to be called out. 
Finally, the authors admit some 
pidation in beginning this task; at- 
npting to mediate, as it were, between 
wumerable armed and warlike camps of 
placable servo designers. They dis- 
rered, however, an excellent spirit of 
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co-operation and a feeling that the time 
is ripe for such an attempt. 


Nomenclature 


Definition of symbols used throughout 
the paper is introduced here for refer- 
ence, 


BW =bandwidth 

C=output from control system 

D-R factor =deviation reduction factor 

E=error signal 

€ss = Steady-state error 

FVE=final value of error 

G=open-loop transfer function; see Fig, 1 

ITAE=integral of absolute error 

IRAR=impulse response area ratio 

ISE=integral squared error 

ITAE=integral time absolute error 

ITSE=integral time squared error 

ISTSE =integral squared time squared error 

ISTAE=integral squared time absolute 
error 

K =direct-current loop gain 

K,»H =feedback transfer function 

K,G=forward transfer function 

Km) =error constants 

£=compliance 

LD=logarithmic decrement 

My=peak overshoot of absolute output- 
input ratio 

PO=per cent overshoot 

Q=load disturbance 

R=input to control system 

T,=time for output to first reach final value 
after step input 

Tp=delay time : 

Tp=time at which peak overshoot occurs 
after step input 

Tr=rise time 

Ts=settling time 

T,=sum of delay time, and one half the 
rise time 

Z=output impedance 

a=damping factor 

¢=damping ratio 

«w =real frequency 

@p=peak frequency (frequency at which 
My occurs) 


Operational Definition of a Quasi- 
Linear System 


The assumption that a system is linear 
is made frequently in analyzing actual 
control systems, implying that the sys- 
tem can be described by either one or a set 
of linear differential equations with con- 
stant coefficients. Strictly speaking, sys- 


tems with time-varying coefficients can be 
linear. Since, however, their analysis 
and behavior is in many respects similar 
to the nonlinear systems, they will not be 
considered as linear in this paper. 

The mathematical criterion to prove 
that a system is linear is the principle of 
superposition.’ The experimental ap- 
plication of this criterion cannot, how- 
ever, be used to prove linearity since 
any system will become nonlinear for 
sufficiently small or sufficiently large 
inputs. The use of a linear mathematical 
model in the analysis of a practical con- 
trol system simplifies appreciably the 
procedure of analysis. For the same 
reason (simplicity), such models are used 
in this paper to arrive at a set of speci- 
fications for actual control systems. Ifa 
practical system deviates slightly from its 
linearized model, its response will closely 
resemble the response of an ideal, or 
linear, system and may fall within the 
specifications of such a system. If the 
nonlinearities are pronounced, the re- 
sponse may deviate considerably from 
that of a linearized model and, conse- 
quently, specifications for linear systems 
may no longer be applicable. 

The purpose of control system speci- 
fications is to assure satisfactory response 
over a range of inputs which the system 
is expected to follow. Hence, from the 
point of view of specifications, a system 
will be considered linear if its response lies 
within the tolerances placed upon the 
linear specifications recommended for 
its idealized (linearized) mathematical 
model. 

The convenience of mathematical anal- 
ysis cannot justify the requirement that 
an actual control system be linear. As 
long as the reponse of an actual control 
system does not differ appreciably from 
the specified response of the linear 
system, however, no basis exists for dis- 
criminating such a system against an 
idealized one. 

In all practical cases, the system inputs 
will be bounded in magnitude. As 
long as the response satisfies the speci- 
fications for linear systems, pronounced 
nonlinearities of the servo system are 
immaterial. If, however, the expected 
inputs exceed the range of input magni- 


Fig. 1. Block diagram of system with load 


disturbance 
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tudes over which the linear system speci- 
fications are to be applicable, additional 
specifications—based on a _ nonlinear 
mathematical model of the system—will 
be necessary to assure satisfactory per- 
formance. 

Since the recommended specifications 
for linear systems are based upon step 
and sinusoidal inputs, the range of mag- 
nitudes of these inputs, within which the 
specifications are to be met, must be 
specified. 

The criteria outlined are intended for 
use only in deciding the applicability of 
linear system specifications to actual con- 
trol systems; not for equivalent lineariza- 
tion in the analysis of nonlinear systems. 


Frequency Domain Specifications 


Four specifications, which deal with 
frequency response characteristics of 
asystem, are recommended: 


1. M-peak (M,). 

2. Peak frequency (wp). 

3. Bandwidth (BW). 

4, Peak output impedance (Zp). 


Several other frequency domain speci- 
fications were considered but are not 
recommended. These are: gain margin, 
phase margin, crossover frequency, com- 
pliance, carrier frequency, gain-band- 
width product, error constant—bandwidth 
ratio, average value of time delay, and 
deviation ratio. 

Only those specifications that have 
direct interpretation in terms of closed- 
loop system performance were chosen; 
others offered no unique value to make 
their inclusion desirable. The number 
recommended was kept to a minimum to 
avoid possible overspecifying of the sys- 
tem. Also, some performance character- 
istics, such as speed of response and ac- 
curacy, can be better dealt with in the 
time domain, 
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Fig. 2. Frequency 
response enclosure 
diagram 


(rad/sec) 


It is recommended that closed-loop 
frequency response data be presented in 
the manner indicated by Fig. 2. The 
tolerances on the recommended fre- 
quency domain specifications are used to 
establish the main outline of the “box” 
which encloses the frequency response. 
A specific form for the enclosure or box 
cannot be specified because the shape 
of the response varies from one system to 
another and the required characteristics 
depend upon a specific application. It 
should be noted that Fig. 2 is a log-log 
plot and that the response magnitude is 
normalized. 

General agreement appears to have 
been reached on the definition of the M/- 
peak specification. M-peak is defined 
as the maximum value of the closed-loop 
transfer function. The recommended 
definition, however, is the normalized M- 
peak, 


| C(s)| 
M,=max | R(s)| (1) 
C(o) 
R(o) 


S=jJw 
where 


w =frequency in rad/sec (radians per second) 
C(s)=Laplace transform of output 
R(s)=Laplace transform of input 


M-peak is a relative stability specifica- 
tion. The input of a control system 
may contain periodic components near 
the frequency at which the M-peak 
occurs. Hence, it is necessary to restrict 
the amplification to a tolerable magnitude 
so that the system will not destroy itself. 
With time domain, as with gain and phase 
margin specifications, it is difficult to 
guarantee that the response to sinusoidal 
inputs will stay within tolerable bounds. 
The M-peak specification has a unique 
property of placing restrictions on the 
worst possible steady-state response to 


periodic inputs. Hence, it is the mo 
reliable measure of the degree of syste 
stability. \ 
The normalization of M/-peak is accom) 
plished by dividing the maximum ma 
tude of the closed-loop transfer funé 
by the magnitude at sufficiently lows 
quencies where the transfer function 
essentially flat. The normalized ue De: 
is a dimensionless number. With 
normalization, the value of 1/-peak in n ; 
unity feedback systems would depe , 
upon the dimensions of input and outpy 
variables. Hence, the M-peak muse | 
normalized in order to have a meaning 
comparison of stability of different $ 
tems. | 
Peak frequency w, is defined as oll 
quencyin rad/sec at which /-peak ocet t 
The term resonant frequency is often use 
to designate wz. Resonance, however, , 
also defined as the frequency at which th 


output of a network is in phase with fit 


input, which is not the same as the defin 
tion given for M-peak. Hence, ¢ 
fusion may be avoided if the term “ a 
nant frequency” is not used to specif , 
Peak frequency may have little, if 
importance in most systems and neé 
not always be specified. It is rec 
mended only for cascaded syste 
which, with the same w,, will amplify 


i. 
i 


input of frequency w, by a factor eq : 


to the product: of all the individual sys 
M,’s. In such cases, wp together with) 
bandwidth (BW) specification may i 
used to insure satisfactory sinusoid4 
response characteristics. In general, hom 
ever, an M/-peak specification need not E 
accompanied by wp. | 


There is no general agreement in tl 
automatic control field regarding ba an al 
width. The bandwidth concept is b bot 
rowed from the field of communicatic 
electronics, where it is defined as tk: 
frequency range between two half-pows 
frequencies near resonance. Kiipfmiillet 
therefore, uses the term border frequenc 
(Grenzfrequenz) to designate what is calle 
bandwidth in control systems.2 How 
ever, the use of bandwidth for what shot uh 
more correctly be called border frequeme ci 
has become a tradition in control systet .: 
literature, and an attempt to correct th 
terminology seems to be a_ hopele 
task. The following definition is recomt 
mended in this paper: Bandwidth is th 
range of frequencies in rad/sec betwee 
zero and the frequency of which the no: 
malized closed-loop transfer function he 
the magnitude of 0.707, ‘or 3 decih d 


down. The latter is referred to as 
half-power frequency. 

In view of recommended time domat 
specifications including the system’s spee 


May if 


response and peak frequency, the need 

a BW specification is not obvious. 
wever, it should be recalled that a 
en system may follow satisfactorily 
. step changes in input although its 
ponse to periodic or nearly periodic 
uts may still be unsatisfactory, as 
wn in Table I. Therefore, while the 
dency of the designer or vendor may be 
keep the system bandwidth to a mini- 
m—the anti-high-fidelity philosophy 
control system synthesis—in order to 
nimize the cost, the user may require 
ficient speed of response for other than 
p inputs; e.g., ramp, etc. This may 
juire specification of a range of fre- 
encies of inputs (minimum BW), which 
: system should be able to follow. On 
: other hand, if noise is expected to con- 
n a predominant frequency component, 
BW specification, together with peak 
quency specification, can guarantee 
ip cutoff or rejection of noise. 


Any simple example of a second-order 
tem can show that the relationship 
ween BW and either rise time, delay 
le, or settling time involves circuit 
rameters of the system. For several 
ssible BW definitions, examples have 
sn worked out, using J7AE optimum 
o-velocity and zero-position systems 
show that the correlation between 
1e domain specifications and BW is un- 
isfactory, as seen in Table I. For ex- 
ple, increase in BW is accompanied by 
ter rise time in the zero-position error 
tems and a decrease in zero-velocity 
or systems. 


[he correlation can be obtained only 
the case of the ideal rectangular filter, 
ich is not realizable physically.? 
nce, time domain specifications do not, 
veneral, assure satisfactory BW. 


The concept of compliance (‘‘stiffness”’ 
sometimes used to designate the 
iprocal of compliance) repesents an 
empt to secure satisfactory perform- 
“e of systems with time-varying pa- 
neters. Variation of load, or load dis- 
bance, can always be represented as a 
inge in system parameters. Unfor- 
ately, expressing time variation of 


system parameters in terms of load dis- 
turbance is difficult. 

Compliance, a time domain specifica- 
tion, is defined as? 


C(t) 
L& (Gopal? 
| Q| 
Orated 
An analogous specification in the fre- 


quency domain is the compliance fre- 
quency function, defined as 


(2) 


C(jw) 
A (Chen! 
L(jo)= 
G ) [OCe)| (3) 
QOrated 
where 


C(j#)=sinusoidal output resulting from 
load disturbance 
max’ =Maximum value of time derivative 
of output; e.g., rated speed of motor 
Q(j@) =sinusoidal load disturbance 
Qratea=rated load of system 


Output impedance is defined as 


CGw)  Zo( jw) 


Sa geet) Se 
where 

G(jw)=the open-loop transfer function; 

see Fig. 1 
and 
w 

oie on E(jw) =0 Se 
is the open-loop output impedance, 


without the corrective action of the 
feedback loop.® 

Comparison of equations 3 and 4 shows 
that compliance frequency function is 
nothing more than the normalized output 
impedance; hence, a separate specifica- 
tion for each is unnecessary. 

The compliance transfer function has 
an advantage over output impedance in 
that it enables qualitative comparison 
of two systems, operating under different 
rated loads and output speeds. Output 
impedance, however, is more appropriate 
when comparing systems which are per- 
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forming the same function. The numer- 
ical value of compliance transfer func- 
tion depends upon the rated values 
of load and response which cannot be 
precisely defined. Output impedance is 
free from this ambiguity. Hence, the 
loading effects on servosystems should 
be specified in terms of output impedance 
rather than compliance. 

In instrument servomechanisms, the 
loading effect is negligible and conse- 
quently no output impedance specifica- 
tions are necessary. Where a control 
system drives an appreciable load, a 
change in the load may seriously affect 
system stability. In such cases, the sys- 
tem should be designed to meet all the 
specifications, other than output imped- 
ance under specified rated load. If the 
load is expected to vary appreciably, 
additional specifications must be used to 
guarantee that the system will still follow 
the input in a satisfactory manner. 
Speed of response to a load disturbance is 
of secondary importance; ideally, no 
response is desired. Accuracy and sta- 
bility considerations, however, may be 
required to minimize the effect of load 
disturbance. Restriction on loading 
effects in the time domain would not be 
sufficient, for the worst effects on output 
may occur because of periodic variations 
in load. 

Hence, the frequency domain specifica- 
tion of maximum magnitude of the output 
impedance (Z-peak) is recommended for 
systems that are expected to operate 
under appreciable variations in load. 
Z-peak is defined as the maximum value of 
the magnitude of the output impedance 
function Z(jw) as given by equation 4. 
No other loading specifications are recom- 
mended. 


Time Domain Specifications 


RECOMMENDATIONS 


The time domain specifications listed 
below are those found most frequently in. 
the literature. All can be interpreted 
directly in terms of time response, and 
are meaningful for systems with deter- 
ministicinputs. This listincludes: delay 
time Jp, rise time Tp, time for output to 
first reach final value 7), time at which 
peak overshoot occurs T7,, damping ratio 


Systems 

¢, damping factor a, logarithmic decre- 
ae ment:+LD, settling time 7s, percentage 
fen BW, ea Be, =i overshoot PO, final value of error FVE, 
pe Order —- Rad/See TR TD a Ce gla A ia ake conventional error series, compliance or 
we) ae es Pa ae ae output impedance, and deviation reduc- 

ee a Gis Miran 0. eA Bee, 2.20 tion factor. 
co: - Qe Et eerie aiond (Ce ae 2 oe We Cladag ie ERR eee a The word conventional, as used in 
ES 5 ORS EE ee aaa at eee en saree: 0.75 association with error series, implies that 
ee ES asia Te Rte and Beene oa. a es ae Cone eee ECO0 Maat 1.06 the series is a power series, written in 
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terms of positive powers of a complex 
variable and expanded about the point 
where the variable is zero; or in any 
equivalent form.* It is possible to derive 
a similar power series for the error, ex- 
panded about the point where the var- 
jable is infinite. Such a series is termed 
nonconventional. 

Five specifications, chosen from the 
foregoing list, are recommended for gen- 
eral use: 


Delay time (Tp). 

Rise time (TR). 

Settling time (Ts). 
Percentage overshoot (PO). 
Final value of error (FVZ). 


Cue a Coto a 


These quantities should be specified, to- 
gether with their maximum or minimum 
values or their tolerance, as is dictated by 
the requirements of a particular system. 

Using some or all recommended speci- 
fications, a region can be defined in the 
output magnitude-time space within 
which the system average response must 
fall. The particular interpretation to be 
placed on the word “‘average’‘ and the 
reason for its inclusion is explained in 
the next section, where Tp, Tp, 71 and 
T, are discussed. 

Using all five specifications, a region of 
the form shown in Fig. 3 will be defined 
for a step input. This choice of bound- 
aries is not the only one possible,® but 
boundaries should be related to some or 
all of the recommended specifications and 
with the requirements of a particular 
system in mind. Constraint of the re- 
quired time response in this fashion is 
recommended after consultation with the 
control industry and the realization that 
such methods are used and are effective. 

Interrelationships exist between the 
recommended time domain specifications 
and other recommended specifications; 


NORMALIZED 
OUTPUT 
MAGNITUDE 


Fig. 3. Diagrammatic representation of recommended specifications Fig. 4. A system reduced to forward and feedback transfer rund 
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e.g., frequency domain specifications. 
The severe restrictions that must be placed 
on these interrelationships in practical 
systems, however, preclude their recom- 
mendation for general use. 


Time—DE Ay, RISE, FINAL VALUE, AND 
PEAK OVERSHOOT 


The quantities Tp, Tr. Th, anduede,, 
are related to the initial transient response 
of a control system when excited by a 
step at the input. The first two named 
appear to have been borrowed for con- 
trol system applications from the theory 
developed earlier for filters in communica- 
tion networks. Close similarity between 
the function of a control system transfer 
function and a communication filter justi- 
fies the plagiarism. Furthermore, pre- 
cise relationships exist between Tp and Tz 
and characteristics of the filter for the case 
of an ideal filter and an ideal change in 
input.27 The fact that an ideal com- 
munication filter cannot be built and that 
ideal control systems do not exist does not 
necessarily dictate a change in the basic 
definition.8— A definition makes a 
strong foundation if it is supported by a 
precise mathematical derivation for the 
ideal case, and if it is readily interpretable 
for the usual deviation from the ideal in 
actual systems. Such is the case for Tp 
and T,, defined mathematically in 
references 2, 6, and 7 and approximated 
for actual systems in references 3, 8, 9, 
and 10. 


Tp=time elapsed, after application of step 
input, until the average output 
reaches half its final value 

Tr=projection, on the time axis, of that 
part of the tangent to the average 
response cutve, at t=Tp, that lies 
between zero and the final value 


The time scale chosen should be such 
that the tangent, in the definition for 
Tr, is at an angle close to 45 degrees to 


FINAL VALUE 
OF ERROR ‘ 


TIME ——~> 


- 


the positive time axis, thus minimizini 
measurement errors. 
These definitions, excluding the 


system may well be far from smoot 
With this type of response, the li er 


q 
1 


interpretation of either of the definitio; 
could give an uncertain or a misleadi 
result. 

The ambiguity can be removed and # 
definitions made meaningful if they az 
applied to an average response, obtat ' 
by drawing the best smooth curve thro 
the actual response. The recommen 
definitions are, therefore, those previous 
written, including the word average. 

It is impossible to relate specificatio ; 
T; and Ty to any other characteristics { 
the filter, even in the ideal case, and tha 
add no significant information as” ; 


is 
. 


LG 


f 


‘ot 


| 


response. Therefore, they are not reco 
mended as general specifications. i 
The precise relationships between 7 
and T, and the characteristics of ¢ 
ideal filter or transfer function do 
exist for most physical systems. 
correlation is poor, even with seco 1 
order systems; consequently, tim fif 
quency domain relations are not recon 
mended. 


DampPpiING RATIO, DAMPING FACTOR, | 
LOGARITHMIC DECREMENT, SETTLD 
Time, AND PER CENT OVERSHOOT _ 


These specifications are concerned wi 
the oscillatory nature of a system 
response about its final value. j 


When a system is disturbed, it is neee 
sary to know how fast the result ; 
transient will decay, or, alternatives 
how much time will elapse before ¢ 
transient falls below any given J 
For a second-order system, damp 
ratio,? damping factor or damping tS 
stant,! and logarithmic decrement” ¢ 
defined and can be used to indicate 1 
duration of the transient. For highl 


K,GIs)= K, (1 +T,s)(1+T28)--- 
s"(1+Tys)(1+T,s)--- 


K Hiaye bt Tesh Tage) 
(1+T,8) (14 Ty8)--= 


| 
L | 
i 
; 
7 
. 


May 1 
} 


rder systems, these quantities lose their 
ignificance. It is possible, however, to 
efine an equivalent damping ratio for 
ystems of higher order than the second. 
‘o do this, some other criteria, usually a 
erformance index such as JRAR," is 
alculated for the higher-order system, 
nd the damping ratio of the second- 
rder system that would give the same 
alue of the performance index is assigned 
s the equivalent damping ratio. How- 
ver, correlation between high-order sys- 
ems of the same equivalent damping ratio 
$ poor.1% 

These facts prevent the use of quanti- 
ies £, a, and LD as general system speci- 
cations. Nevertheless, the rate of tran- 
ient decay must be specified and a time 
hosen after which the transient effect can 
e considered small. To do this, a range 
f magnitude about the final value is 
hosen, the extent of which must depend 
n the requirements for each particular 
ystem. Settling time is defined as:!4—16 


"s=the time elapsed after application of 
a step input until the response of a 
system falls to, and remains within, 
-x% of its final value. Where x is 
to be specified for each particular 
system under consideration, »=5 
is a typical value 


Systems are designed, frequently, to 
zeet the specifications of time delay and 
ise time, which have already been dis- 
ussed, and for certain classes of systems, 
hese times will be short. It is conceiv- 
ble that, with a short rise time, the 
ystem overshoot will become large and 
sduce the system effectiveness. It is 
vident, without further justification, that 


static accuracy are necessary. The static 
accuracy can be measured in terms of 
FVE which is defined as 


éss= lim {(#)} = lim {se(s)} = lim X 
to s—>0 s—0 


{5x65 | CDEC) (7) 
1+K ,KyG(s)H(s) 


where 


R(s) =input 
K G(s) =forward transfer function 
K>pH(s)=feedback transfer function 


The gain constants, associated with the 
over-all transfer functions, are separated 
out as they play a special part in the cal- 
culation of error. It is important to 
note that the error associated with a 
control system is defined 


error e=Cg—C (8) 


where C is the system output variable and 
Ca the desired value of the output 
variable. With linear systems, the de- 
sired value Cy is related, linearly, to the 
input variable R; ie., Cg=f(R) where f 
is a linear function, or Cz=kR where & 
is a constant. 

If the system is one of unity feedback, 
the constant & is unity and dimensionless. 
The error as defined in equation 8 and the 
system actuating error are now identical 
quantities and are given by the relation 
E=e=R—C. For certain nonunity feed- 
back systems, the constant & is also unity 
and dimensionless. The system error, 
but not the actuating error, is then also 
given by e=R—C. 

Equation 7, defining steady-state error, 
is derived from these latter relations, thus 


reduced to a forward and a feedback path 
and for which k is unity and dimensionless. 

If the system can be reduced to one of 
unity feedback, some simplification re- 
sults. The system errors for deter- 
ministic inputs R(s)=A/,.n, termed type- 
n inputs, and for all systems classsed ac- 
cording to the number of free integrations 
in the transfer function are easily cal- 
culable in a well-known fashion which 
need not be detailed here. The errors and 
error constants, Ko, Ky, Kn, are 
tabulated in many references; see refer- 
ence 10, p. 145. 

Alternatively, if the system is of the 
form shown in Fig. 4; ie., reduced to a 
forward path and a feedback path, the 
determination of error follows a similar 
pattern but with some added algebraic 
complexity. The steady-state error of 
these nonunity feedback systems can be 
evaluated, directly, by taking the limit 
in equation 7. It is also possible to gen- 
erate, mathematically, an equivalent 
unity feedback transfer function from the 
known forward and feedback transfer 
functions and then apply the definitions 
for the error constants. 

The unity feedback system that will be 
generated from systems of the form dis- 
played in Fig. 4 will either have one 
free integration, or it will be without 
free integrations in the transfer function. 
The only finite error constant is therefore, 
Ko unless Ky=1; then, Ky approaches 
infinity and K, is the only finite error 
constant. Thus, systems of this form 
with time constants in the feedback path 
cannot be expected to follow inputs 
greater than type 2 with finite error. 


response of this nature must be con- allowing for all systems that have been Feedback transfer functions with 
rolled. 
Any specification for the control of 
vershoot must necessarily include in- Table II. Steady-State Errors for Nonunity Feedback System Kp =1 
mation as to the magnitudes of the 
ssponse final value and of the compara- is F Type of Forward Transfer Function 
ve overshoot. Therefore, a natural Lami 0 1 2 3 
noice is the fraction that results from a 
mmparison of the overshoot with the 0 0 0 0 0 
nal value. The quantity can be ex- ee 0 0 0 
ressed, conveniently, as a percentage N y - a 
1 
vershoot. 2 © AES +) Ta). ns. | A b» Tan- >, n.| 
n=1 n=1 n=1 n=1 
maximum value of 3 a S a 
Bee response — final value (6) 
final value 
Table Ill. Steady-State Error for Nonunity Feedback System Ki +1 

INAL VALUE OF ERROR AND 

ee v1 ORT ERROR SERIES Type of Forward Transfer Function 

The specifications of this paragraph are aoe ig 5 : Z 
mcerned with the system’s ability to 
llow input commands with accuracy. 0 0 0 A 
system may possess a fast response, U4+K/Ko-Ky) A es 1-2] 
od dynamic behavior, etc., but it may 1 1+Kyko Kb K 
yt be completely satisfactory unless it is Gas co © ° 
atically accurate; at least, limits of 3 = 
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factors of type s’, where s is a positive or 
negative integer, are not considered be- 
cause they are of little use in control 
applications. 

The errors that result from systems of 
the type in Fig. 4 have been generalized 
for different types of inputs, and are dis- 
played in Tables II and III. 

Therefore, in expressing the degree of 
accuracy of any system for deterministic 
inputs, the rule is to: ; 


Specify directly a region about the input 
quantity, referred to the output terminals, 
within which the steady-state value of the 
response must remain. . 


Or, for systems where Ca= R; i.e., & equals 
unity and is dimensionless, to: 


Specify the error constants and associated 
tolerances which contain, in a concise form, 
the information necessary to determine 
accuracy. 


The conventional error series and, in 
particular, the error coefficients, describe 
the value of a system’s error when a “long 
time” has elapsed following application of 
the input. The accuracy with which the 
error is described, compared with the 
number of terms of the series considered, 
depends on two factors: first, on the be- 
havior of the derivatives of the input 
(here, the faster the magnitude of these 
derivatives decreases, the fewer terms 
will be required), and second, on the 
magnitude of the loop gain K (here, in 
general, the greater the value of K, the 
smaller the successive coefficients and the 
fewer the terms that will be required).* 

Three procedures areavailable for deter- 
mining coefficients,’ each of which requires 
knowledge of the system’s forward and 
feedback transfer functions in algebraic 
form. Each requires algebraic manipula- 
tion, which for anything but the simplest 
system, does not fall far short of that 
necessary to determine the error exactly 
by taking the inverse Laplace transform. 

One method for defining and deter- 
mining the error coefficients is to take 
time moments of area of the system error 
impulse response.14 These moments of 
area, i.e., coefficients of the error series, 
can be interpreted in terms of the rise 
time and delay time of the whole system 
to a step response.” This interpretation 
is, however, restricted to systems where 
the error impulse response decreases 
monotonically towards zero, or, in the 
terminology of second-order systems, 
where the damping is greater than critical 
damping. The interpretation, further- 

more, is restricted to systems with error 
impulse response symmetricalabouta time 
equal to the delay time. These restric- 
tions appear to eliminate use of these rela- 
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tions in practical systems. As an ex- 
ample, there is a 19% error, compared 
with the true delay time, when a step is 
applied to a second-order system that is 
critically damped and the delay time is 
calculated from the conventional error 
coefficients. 

The preceding remarks indicate that the 
conventional error series and its coeffi- 
cients have limited value for either speci- 
fication of the error itself or for estimation 
of rise time, delay time, etc., and are not 
recommended for use in specifying sys- 
tems, 


OutTpuT IMPEDANCE AND DEVIATION 
REDUCTION FACTOR 


Compliance or output impedances un- 
doubtedly can be considered as functions 
of time, but, in the authors’ opinion, they 
are more appropriately considered as 
functions of frequency and have been dis- 
cussed in that section of this paper. 


Deviation reduction factor, suggested 


by Rutherford," is defined 


potential deviation 


D-R factor = (9) 


actual deviation 
where potential deviation is the error that 
results, as time approaches infinity, be- 
tween the controlled and the required 
variable, because of a step disturbance 
with the system open loop. The actual 
deviation is the maximum value of this 
same error, but with the system operating 
closed loop. 

The quantity is a measure of system 
effectiveness in smoothing disturbances, 
but suffers from the disadvantage of be- 
coming infinite should the system under 
consideration be open-loop unstable, no 
matter whether the system is closed-loop 
stable or not. 

There are no advantages to this speci- 
fication, and it does not add to the in- 
formation given by other recommended 
specifications; e.g., output impedance. 
Consequently, it is not recommended for 
use. 


Performance Indices 


A performance index or figure of merit 
has been defined by Anderson, et al.,!9 
as: “Some mathematical function of the 
measured response, the function being 
chosen to give emphasis to the system 
specifications of interest.’’ A perform- 
ance index is a single number in which a 
designer attempts to place his engineering 
judgment. The performance index may 
be chosen so that only one or a few system 
properties affect its value. Or, it may be 
chosen so that a designer attempts to 
place his whole engineering judgment ina 


single number; i.e., the performance if 
dex is a function of all properties of g 
system’s response. This type of per 
formance will be defined here as a general 
performance index. In this paper, per 
formance indices will be considered only 
for this general case. If a performanee 
index is rejected as a general perfort 
ance index, this does not mean that it 4s 
unacceptable for specific cases. 

Control engineers have been interested 
in performance indices for more than @ 
decade. This interest has received % 
new impetus from recent research on 
adaptive control systems. The purpose 
of using performance indices in adaptive 
systems is the same as for previous work 
namely, for any given set of conditions 
to determine the optimum values 
system parameters which are at the co 
mand of the designer or adaptive system 
The performance index replaces the usual 
design specifications for system response.’ 

It is impossible to define a general prae4 
tical performance index which would tf 
considered perfect by all control engineer 5.5 
This is because performance indices are 
adjudged good or bad, depending upont 
the response characteristics of systems 
when they are optimized by the perform+ 
ance index; and, control engineers are 
not in complete agreement as to wh 
constitutes the best general system. 
cause no control system is perfect (i 
the response is not identical to the in 
for all inputs), one performance ind 
will emphasize some properties of ti 
tesponse more than others. It is 
matter of trading one part of the respon 
off against another part that causes co 
trol engineers to disagree. There are ai 
few general rules which can be followed 
in the selection of a general performan 
index, but they too depend upon i 
dividual judgment so that the results areé 
debatable. These rules are an elabor ui 
tion upon comments by Graham ai 
Lathrop :?° 


1. A general performance index shot 
lead to systems of higher orders, as w 
as second order, which judgment indicat 
are good systems when their over-all r 
sponse is considered. This property isi 
called reliability. 


2. A performance index should be selectiy 
That is, the optimum value of sys 
parameters should be clearly discer : 
from some characteristic such as a mit 4 
mum, zero, or maximum value of a plot of 
the performance index value versus syste m1 
parameters. | 
3. The ease with which a performance 
index can be applied is a consideration. 


A number of performance indices have 
been considered with the hope that one 
or more of them could be recommended 


May 1961 


ee 2 Be ee ee ee ee ee ee ee oe, ee ee, ee ee ee ee 


10119 JO an]eA aznyjosqe Aq 


‘ONIEA [eIIUeS JO 9q ABUT UOII9}1I0 SIq} So}VOIpUT ojqepeaR HOWVMIOjU poy ayy ttt 06. Se EOYs Ee shies Saas sTpteishs'sie 1p | (2) lal oof' ***paidiynm emit} paienbs jo jeisez01) FP LST 
*‘smiaqsAs 2-304} Mnuydo (40113 parenbs Aq 
; UO a][qujiwae jou SI UOleUIIOJUT “stezSAs J-3dA} poos szoaJas uolazo smp 7: PALE | Agen OA rt Ei SOM ge OS a ea aS ICE elt) Of” “**parldiyyum eu perenbs jo jeiZajzu1) FO LST 
ie we eg enh ‘SOIIPUT VOULIAIOJ1ad B[qen[eA ai0W 3} JO auO SI 31 ey} 23eOIpul a (40118 
Pog a[qelfeae sj[Nnset [Je ‘aAVMOF{ “AOAISUO}XO PodIpNjs useq JOU sey UOlIezIO sSIPL "TS 0Gs mae ae ae Ce aR Ce OL 1De(2) 4 - ‘+ *perenbs Aq pal[dijjnut ous] jo jerZazu1) FO TT 
“Jepso WIYSIo 9y} YSnN014} suisj}sAs 10}vIoOmMNU AZIUN 
perpnys doiyjzey pue weyery *jooYs19A0 SAISSIOXS VAVY SuIa}shs Z-odAT, *(U01Z : Q (40113 JO on[eA azNj{Os 
“ouny Jajsue1} dooj-nedo uy no17e139}0] [ 414 sueysAs) sutazsAs 7-9d.4} poo sjoajaS***** T2s0Se- OC ae eee es ASRS eh so eheiese aie ai Se Bo ee 1p | (1) |, f “ss *-qe Aq peldyinur sm jo [eisojuUl) Fy LI 
Jeusis jndjno Aq 
*sM19}8A8 JBOTUeYIIMI0I}09]9 YIM JOU yNq sJoyIdwMe Yoeqpss; oM0I}D9Ja WIIM pssM’'* 6S ‘RZ ‘2°77 Jeplosnuls’"*peprsip yndur 07 youqpooy wuss’ *--- oss tte eee ees et eres cree pIIg 
*qaqsAs pedmepisao IOy Surmeom ou seTT *APIAIQOIIES ayenbopeuy eseee aoe 9z ‘0Z vee dojs FPPC o 0 mis letRin) i. aera a thle .%9) ie ola wae €)e 0 -4u6 916th 6 (© ipso .0 8 ib Clb ce mw a) Miele isan) SlloLs wl Oe! od 10's, 0) 9,6, kL ete: elie} $3224 
‘pedmep 
-Jepun ase stezshs wMUYdo Jeps0-I9YZIFY *‘sw93sAs Japs0-puosas 30} ayenbapy’’****** 92 ‘Gg ttt Gen wonme dhtn cr Com op donS DAL On ead DOnOb ona mBes nou do Coto OuatAOOne sm wORNToS 
*SyNdutT d1}SeYyd0}s YM Pesn oq Wed DOTIOqTIO 
‘uol}eoyrpour ayelidoidde yy «“‘eMaTUeAUOD jeITYeUIOY}eM Jo asneoeq Ajoreu 
pesn ‘pedmepsepun aq 0} pue} sulajsAs mnmn7d9 *AYIATIOVIOS iood sey ASI i ES Settee ee *daqs CCR CCC eC et re IP (2)22 BAF ale @\si/e 8 (oie (aiagele ents (40119 perenbs jo ye130}uT) ASI 
*smaysAs Japio 
~AaYSTY 10} AZIATQO9]es oJeNbepeut sey ynq WloysAs Jap10-puodas B 104 ayenbope sig Ppl cts cet: bc Ama ee A TSS 5 9 ise Se ick aus cepa sesiehs ais P| (2)2] Pi i se Sderee (10119 JO ONJeA oyNJOsqe Jo [e1Z9zUl) WPT 
*pedmepisspun oie yey} 3]Nse1 saiajsAs ‘tnWIydo 
se udye} SI anyea O19Zz JI “m190}sAs tmnw13do0 9} BoIput 300 op sonyjea Teme1nxg ec ey ZG ee i ae days ro eee “9p (f)a AP @ ‘Soe ee 6 6efe 6 \a miaseejee) oars tisin Bole jos} 0090 pezqsIaMy 


Ppepuemmosai you" *** 
“9AIND Joie Jepun 
vole aAljeseu pue aatzIsod Jo ddneIayHIpP Sead uolIeID “wnuyWdo si waqsAs 
eq} 9} eOIput jou op sonjea jemeryxg “m03sAs Jep10-puoses e IO IZ = PIB jo1z009 CRO cacy crn BG wits a oc days O05 Oh aie Shel se ermye efe7b) oi) 6 (bio .0\.6\'6\el4. 6) 1p (aja oni (P \e) 0 \(a) ©) (Ua ra)w ie de Xb dga’.o. (ale) 6 ala ie sisal vleleue Misia eole Josju0D 


‘HIOjoAeA asuo0dsas dais ma3sAs 
24} UT SaizIzV[NSoII 0} SATISUAS SI ‘UOIppe ut ‘pues ZAYWUI sv solousyep ouws ........... -++-30 asndumt**-*sapz0 puoses 30y 3/1(Z?—T) 
aq} sey hl YY 20] Z=C S! Wejshs Japio-puooas & 1Oj JUSMIOIDNp o1MIy}1Ie30T at ' i Pee . oor a eT eS Oe daoee ae aa pUSMIeIDEp OUIyIesOT 


3AIND ssuodsas 
as[ndult Jepun vere sarye3ou= — p 
vAIND asuodsas 


as[ndimt Japun vase eatisod = + py 
*‘sto3SAs Japi0O-19q431IY IOJ soiystiejoeIeyD ssuods : 


[ -ai Wia}sAs pue WWUI WeaMjeq worwjeiI0 Joog ‘stie}sAs Jop1O-puodes 10J poor *****-> >: (FP OL geI8 SSteheg PCEs SCO CRD o BOS Tone See a Spy 0 O89 PP ramane (01781 veie asuodsas asjndmt) y pyr 


UOHeNWI0,7 PVoyeusyepy 


Gibson, Rekasius, McVey, Si idhae, Leedham—Control Sys. Standards 


won ¥epueurut020y s}Meulm09 saoualejay ynduy uieyshs XepU] souvUTIOJI0g 
S@XSPU] SDUEUOP2q 10J UOHEDYISSeI> * Aj 2]9e] 
S ' 1 - oo wo Ses. hp se te 7 mel Ge Vom nw Oo ee aot es g (cd) 2 Ow 6 b Lkprow Ho wee 1 a a ' wn oO» HD 1 
S GRRSCahEPEees g “gee” 3's (Eos, PEEPS GSES EES EES EES ery S2ae 
a 60°75 . oo. = eee OMA Are) Sl mae NS: ae 5 8 op w 5 Ho ° G2 = w 035 pope a) Al 
wo sey ne g) Sq ae) Come) ® Os g O © = —@ vo oH (9 10 "er it p Ww Hoy n Ty oep ost S64 5 a 
ia ie) o M ~~ sas) = SO ~ ONY Mme O-s GO a4 © : | 86.8 a 4 ~ 
v 9) annHnovs sa ae D Badges = Se B32, parte or Bee So yj ) oS ee we Gy oe Fi § 
| Bagot FE° v6 hw & > eel a My eS S348 08 Sas goons Ss °Rges ROSS q 2 : 
~ as ue) yp SRR ONE ee A a, =m OO ies HY ° n oO ga yn Ben 2 ! 
Fog A) fey wa SEE 5-5 DM ae aa| ay 4 ent oe ovrVVE DBD ps) Tob EN = = yes yn as 5 = cess] 
Ge oO re oy oe oS woo BR EC oS gt 3 oD awd asSeod ‘S oO oO ao. = eBue 38 3° =d ord 
oO vet cS) a4 Soa = io) So 3 UO oo bo & Y 4 e825 ae 2 oS SD oy Set oS o 
Ce ee oe Oe os 2 ee 8) ok ° e az Seu feo CUE See rae a RS o Cees, a.o 8 
oe SC Up 8§xog rounE Is val elere hole. a orm) oS, 4 ia 0$5akR oO 53 Oy oO a Oo us PP ONey 
ay Meno) foo 8d, iol = Do par} 2o5§ 2 (ob) — © Pp wD + Wie N 9g n q oO : e a) 
So LH Storr O «wi 2} n fates) eg 3s geo OU A, Ww w = ed o Lomomr gS be 
% a. eee es ole 8% sBavy i VER BE eo Pete ke Bae se HPoe es USE Rs 
PO Pe Geb ogg OS pega ea PeRSER UE ESE TE OSHS Se ee aa those TB eee 
OF 59a gg Y ow 8 da faa] B2hewY no) Baw Oo 3 as ofa wip & 58 3 ST er Se Wyte 438 a n 
a 5 ee pole 6 Peg a < SS i Boy ia oo ee Be ee SECC le SO e (Ea aot ee somes 
Hw ‘a o Og eo C8 308 fs} uy OR g Dey OB Yam © arta B a oo. Toe.a & Boy Fo gga. 3 Cal a3 2 
awa tO ee es o.8 ae OSB SEESHSR Gena FS Ptiue oe 2 2.55 0 Ste ie ob Ow S 
Oe. ty Mae ep Oisey Phe! oa oO 8 2 me eos Se n 490305 Oem W aa x = 58 @ Yo n Oo Y —_ 
- sy 8? Bio gd» oa un S| ee Sp SA e F 3g “Yom E A : 2 eg so d = e ao 
Gp 7 0. Epa > @B A ) aR eYVBEeY Cay qa SOE ee ne o Sa SB BS 
Se eg yh Beeiy ote 2 So pegs SC EGTA SEE ee F a Beso b Er SEA a BES BS sabes 
a7 9 OO KH gan Seis ae a Pwenm Font fa 8 SY gd QaQag rans 528 a BREY 2 RG a fe. ne ei 
oo gig iey (Se Bs GS 2 Fa SWM oA Ss Soy | So ayes so Boag Pou “a hae he, ea ee ey een ae 
u a3) NY = 0 oY & = oO oH 8 Py By SD .5 ga oO 9 ° eBags S S se) © eed) ae 
GEO Ew, “nS ~ oe 3 a 2° ca a oD Aeateseae é aos Ses OO anil) ar eicd ae =P Oo 
Hoos G80 9 2B wey v0» 4 2S pb Bo >aZe ga op 2 2S oS Baer Ro. 20 De OAS gn Yay Ee ee 
o o M5 B& Sg 8S S og a4 eae ee 3} Hac ugoe @ w S 3 Se '& cee Bo 385 8° 5 
hmong wo s "Ty seo sam) 3 ®o a es) on oO “74 SRG! le) v Bo: ES of) see oO ei) i 
not PGS ede _ Pods & nS HEsSEP ae SHS EB ReSHe SE ae eho SSE SES HERS SG SEE So SbaS 


AY 1961 


tory: ‘It should be clearly understood that 
the greatest advantage of the mean square 
error criterion is that it leads to a mathe- 
matical problem that is tractable. A 
different error criterion often might be 
preferable except for the attendant 
mathematical difficulties.” 

It is true, however, that the mean 
square value of a random process is one 
of the easier parameters to evaluate ex- 
perimentally. It is sometimes argued that 
the mean square together with the mean 
value of a random process yields informa- 
tion about the process when it is Gaussian. 
The central limit theorem is often in- 
voked to assume Gaussian processes. In 
this connection, Sherman* has an interest- 
ing development. He shows that all the 
error criteria (the only restriction being 
that the function of error be a single- 
valued even function, which is mono- 
tonically nondecreasing for positive errors) 
yields the same type of linear predictor 
as the Wiener filter for Gaussian inputs. 

Truxal"‘ points out the case of a second- 
order system described by a closed-loop 
transfer function of the form 


5K» 


s?+5s+5Ky ay 


Gs 
R= 
whose input consists of a signal component 
with a particular spectral density and 
white noise. Optimizing K, on the basis 
of minimum mse, for the case when the 
desired output is equal to the signal com- 
ponent of the input, yields a value of K, 
which makes the system have a damping 
ratio of 0.215. Obviously, the transient 
response characteristics of a second-order 
system with such a low damping ratio 
would, in general, be unacceptable. 

This solution may not necessarily imply 
that the mse criterion is useless. How- 
ever, the very fact that one feels the 
necessity of checking the optimized (in 
the mse sense) system, by means of the 
step response characteristics, implies 
either a lack of faith with the former 
criterion or overfamiliarity with the latter. 
Granting that a step input is a drastic 
and relatively uncommon input. to most 
systems, designing on the basis of a good 
step response may actually amount to 
overdesigning, with attendant disad- 
vantages such as additional complexity, 
weight, cost, etc. . 

This may be one strong argument in 
favor of indices of performance on the 
basis of statistical inputs, which may de- 
scribe the actual inputs to the system 
better than any of the synthetic ones such 
as sine waves and step functions. More- 
over, in the final reckoning, one system is 
said to be better than another if it op- 
erates better on the actual input, if some 
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criterion for comparing systems can be 
accepted. Itreally is not at all important 
how good or bad the step function re- 
sponse looks. Two serious drawbacks 
should be pointed out, however: (1) the 
amount of confidence with which the 
actual inputs may be described statisti- 
cally, and (2) the degree of confidence in 
the statistical performance index. Ex- 
tensive research is warranted before any 
such index may be recommended. 

One other present disadvantage is that 
the statistical method of analysis appears 
to be highly restrictive as far as the inputs 
are concerned. The inputs are assumed 
to be stationary and ergodic, in general, 
but since the conditions of ergodicity are 
nebulous, it may be rather difficult to 
deduce from actual data whether the 
assumption is true or not. 

Often the observation is made that the 
design of systems, using statistical pro- 
cedures, is unrealistic since the final result 
requires the poles and zeros of the original 
system to be completely canceled out and 
poles and zeros placed at new and more 
suitable locations by the equalizer. 
Hence, the method is not very satisfactory 
for designing equalizers. 

To recommend statistical performance 
specifications at this time seems rather 
premature, considering the fact that the 
statistical design of control systems has 
not matured sufficiently to warrant any 
great degree of confidence in systems 
optimized on that basis. Until the theory 
is developed further, performance specifi- 
cations of a control system should neces- 
sarily depend on well-known system char- 
acteristics obtained from sinusoidal or step 
responses. These have been discussed 
elsewhere in this paper. 


Graphical Presentation of System 
Design Data 


Performance specifications are used 
to: 
1. Judge the performance quality of a 
system, 


2. Compare systems Specs gauhes and 
qualitatively. 


8. Set minimum standards on an accept- 
reject basis. 


Performance specifications contain all 
of the information needed to evaluate a 
system on an operating basis as they 
describe the system’s input and output. 
However, additional factors less tangible 
than the values of the performance speci- 
fications must be considered when eval- 
uating proposals and selecting designs 
which offer simplicity and sensitivity of 
parameter variation; e.g., Nyquist or 
conditional stability. The considerations 


require interpretation and manipulation) 
of system design data. Thus arises ih Q 
problem of the kind of design data to 
present and the method of presentatio t 
System data should be given in a for : 
familiar to those who must use them singe 
experience and judgment are required m 
any evaluation. To be able to determine 
the specified performance specificatio; 
directly from the graphical present 
tion, would be desirable, also, but this 4 
of secondary importance. The requi 
ment for a presentation scheme can be 
be met by commonly known design pf : 
cedures. ; 
Methods which have been consider 
are: Bode diagram, Nyquist diagral m 
root locus, Nichols charts, Routh-Hurwitz 
criteria, Leonhard-Michaelov metho i 
differential. equation solutions, and the 
Guillemin-Truxal method. | 
Standardizing on particular schemes 
for system data presentation does nm Lob 
imply that a designer should necessa ily 
use these schemes. He should always b 
free to use methods he considers best for 
a particular problem. However, after 
the design is complete, standard diagram 19 
should be prepared so that various cor 
petitive systems can be compared, usit : 
the same kind of data. This obvious Jy: 
makes an evaluator’s job easier sin fe 
he need not be familiar with all of t i 
possible methods of presenting design 
information; also, the danger of ercans 
by the evaluator are minimized in con 
verting from one scheme to another. 
All of the methods considered for sys 
tem data presentation except the Bod 
root locus, Nyquist diagrams, and Nichol 
charts are either inappropriate or are no 
used to any great extent by the industry 
A critical appraisal of the informati th 
available from Bode, Nyquist, Nichols‘ 
and root-locus plots shows that it is pos: si 
ble by manipulation, calculation, etc., t¢ 
obtain the same amount of informati Li 
from any of them. The same informati on 
is inherent in each diagram (this is alsé 
true for other methods) because the s i 
tem transfer function can be obtain 
from the diagram and the system in 
formation is contained in the trans 
function. 


Thus, it appears to be a difficult, if nm 07 
impossible, task to differentiate betwe 
the methods, other than on the basis i 
convenience. Whatoneconsidersconvet ; 
ent depends upon training and experien : 

: 
i 
i 
T 


4 


although most engineers would agree th 
there are salient features of each methot 
which make it most convenient in det 
mining certain aspects of system perfor 1 
ance. For example, the root locus 7 
considered to be of much value in gaini 
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sight into the transient behavior of a 
stem; the Nyquist diagram is conven- 
it for the determination of M, for 
ity feedback systems, closed-loop fre- 
lency response, bandwidth, and condi- 
mal stability; the Bode diagram is the 
ost convenient diagram on which to ob- 
in the system transfer function from fre- 
lency response data, values of error 
efficients, and for making a preliminary 
dgment as to the method of equaliza- 
mn, etc. 
Of the four most appropriate methods 
lected, the root-locus and Nyquist 
agraims are recommended for use in 
e presentation of system data. It is 
lieved that specifying four diagrams 
nuld defeat the purpose of minimizing 
e number of methods to be used. How- 
er, it is desirable to have more than one 
esentation. Nyquist and_ root-locus 
e better than Bode diagrams as they 
ay possibly be extended to nonlinear 
stems; e.g., describing function analysis 
| polar plots and because a separate 
lase diagram must be plotted for a Bode 
esentation in the case of nonminimum 
ase systems. Probably more engineers 
e Nichols charts for design than Nyquist 
agrams. However, for data presenta- 
yn and for its basic nature, the Nyquist 
preferred. 
Both equalized and unequalized Ny- 
list system diagrams may be plotted to 
ake the results of equalization apparent 
to present alternateschemes. The plot 
G(jw) H(jw) is required for nonunity 
igle-loop feedback systems. The pres- 
tation procedure shall not be specified 
r multiple-loop systems. The design 
gineer must decide how the Nyquist 
agram or diagrams should be presented. 
The reason a unique procedure is not 
ecified for multiple-loop systems is ap- 
rent after considering an example. 
the feedback path is broken at point B 
the system of Fig. 5, the transfer func- 
mn that would be plotted is 


ee Sate 
~ s(s?-+s+K) 


the loop is broken at point A, the trans- 
function that would be plotted is 


(s) (11) 


@=5 (12) 
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loop system 


The Nyquist diagrams thus obtained are 
quite different. Another Nyquist dia- 
gram that may be of interest for this sys- 
tem is the minor loop by itself. One way 
to obtain a unique Nyquist diagram is to 
convert a multiple-loop system to an 
equivalent single-loop unity feedback 
system. However, this method has not 
received sufficient attention is the litera- 
ture to justify its recommendation as the 
only way to treat multiple-loop systems. 

To keep the amount of data herein to a 
minimum, only the equalized system root 
locus will be presented. 

It is recommended that the closed-loop 
transfer function be included as a part of 
system data because the transfer function 
defines the system concisely, uniquely, 
and it may be needed for analysis and 
synthesis of larger systems of which the 
system in question may bea part. 

The number of terms that should be 
included in the transfer function is a 
matter of engineering judgment since no 
practical system is ever given an exact 
description. As a rule of thumb, it is 
satisfactory to neglect those time con- 
stants which correspond to frequencies 
ten times greater than the bandwidth of 
the system. Whether or not it is always 
necessary to include all time constants to 
such a high frequency must remain a 
matter of engineering judgment. In- 
clusion of the open-loop transfer function 
is not necesssary since it is available from 
other information presented, although it 
would sometimes be desirable to have it 
written on the diagrams. ; 

A detailed explanation of the root- 
locus and Nyquist diagrams will not be 
given here since there is an abundance of 
literature available concerning them; 
indeed, this is one of the most important 
reasons for choosing them. 


Conclusions 


An operational definition of a linear 
control system is given. The frequency 
domain specifications recommended are: 
M-peak, peak frequency, bandwidth, and 
peak output impedance. Time domain 
specifications recommended are; time 
delay, rise time, settling time, per cent 
overshoot, and final value of error. In 
both cases, a template is defined that in- 


Fig. 5. Multiple 


corporates these specifications and permits 
a go-no-go determination on the basis of 
a frequency response test and a step re- 
sponse test. The generalized indexes of 
performance given tentative approval are: 
ITAE, ITSE, ISTSE, and ISTAE, but 
more work must be done in this area 
before a firm recommendation can be 
made. 


Only specifications necessary for a 
particular application should be called 
out. Since overspecification invariably 
results in a more expensive and possibly 
less reliable system, this point deserves 
special emphasis. 

Use of statistical design specifications is 
not recommended. Of course, all avail- 
able statistical input and performance 
data should be supplied the vendor. 
Finally, although it is impossible to 
differentiate on an engineering basis, 
within the constraints of this work, be- 
tween various data presentation schemes, 
the root locus and the Nyquist plot are 
recommended because they are familiar 
to engineers and have anticipated useful- 
ness in specification of nonlinear systems. 
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Discussion 


N. W. Trembath (Space Technology Labo- 
ratories, Los Angeles, Calif.) The au- 
thors have completed a difficult task, and 
this report of their work represents a 
thorough and accurate treatment of per- 
formance specifications for linear automatic 
control systems. Their recommendations 
and conclusions should provide a basis for 
standardizing specifications for large seg- 
ments of the automatic control and servo- 
mechanisms industry. In addition, the re- 
sults presented in this paper will be even 
more useful when combined with a similar 
paper on specifications for nonlinear auto- 
matic control systems which, it is hoped, 
the authors will soon present. 

There is only one major problem which 
occurs to this writer with the conclusions 
presented in this paper. All recommended 
specifications deal with control system 
input-output characteristics. This is as it 
should be when a complete closed-loop sys- 
tem is to be specified; however, a problem 
occurs when a control system must be 
specified and its designer has no voice in 
selecting major elements of the closed-loop 
system. Such is frequently the case in the 
aircraft-missile industry, for example. 

If input-output specifications are to be 
employed when major variances can exist 
in fixed elements of the system, then a 
complete specification would require specifi- 
cations corresponding to each of the pa- 
rameter variations or to statistical combina- 
tions of such variances. When large num- 
bers of parameters are involved, it is more 
workable to employ the results of experience 
gained with similar systems and specify 
over-all gain and phase margins. These 
specifications are not of the input-output 
type and are not recommended by the sub- 
ject paper. 

It can be argued that such margins can be 
readily obtained from the graphical presen- 
tations of system design data, which are 
recommended in the paper under discussion. 


Such presentations can be used to evaluate - 
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a 


system margins or sensitivity to parameter 
variations. Nevertheless, there sometimes 
exists the need to specify such margins or 
equivalent indices of tolerance to param- 
eter variations as constraints on the basic 
design. 


V. C. Rideout (University of Wisconsin, 
Madison, Wis.) and W. C. Schultz (Cornell 
Aeronautical Laboratory, Cornell Uni- 
versity, Buffalo, N. Y.): The authors are to 
be congratulated on their extensive treat- 
ment of control system performance speci- 
fication. Particularly important are the 
summaries in their Table IV and the series 
of frequency-domain figures of merit, a 
class of figures of merit which has not been 
widely discussed. 

In our series of papers,!~’ aspects of the 


performance measure problem were dis- 


cussed from a time-domain point of view. 
We treated upon a type of performance 
index (for the transient input case), which is 
not mentioned in this paper. This perform- 
ance index is defined by the equation 
E= J," W(t)Fle)dt (13) 
where F(e) is an amplitude-weighting func- 
tion of the error e and W(t) is a time- 
weighting function. Special cases of this 
form are discussed in the Gibson paper in 
the section on performance indices (ITAE, 
ISE, IAE, et al.), but some of the broader 
aspects of interpretation are not indicated. 
We feel that such interpretation lends sup- 
port to views expressed by the authors of 
this paper in a number of ways: first, we 
have come to the same general conclusion 
aa: there is no one best way of specifying 

n “optimum” servo response; second, we 
ee not only that performance measures 
and their applications should not invade 
the province of the designer, but should 
serve as an aid to the designer rather than 
an obstacle; third, the concept illustrated 
by Fig. 3 of their paper bears a strong re- 
semblance to a type of formulation that can 
be derived from equation 13, as will be 
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illustrated. The illustrations are based ¢ 
an assumed viewpoint that also bears ¢ 
the matter of mathematical convenience 
mentioned by these authors. Mathematics 
convenience does not justify requiring 

a system be linear; no more should math! 
matical difficulties prevent the use of ee 
tain performance measures, especially, 

feel, when computing devices are availabh 
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Fig. 6. Three catastrophe cases in sys! | 
illustrated by (A), (B), and (C) 
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7. F-functions used in system-perform- 
ance evaluation 


considering the three temperature con- 
system specifications? shown in Fig. 6, 
se might be referred to as catastrophe 
ss. A calamity occurs in system 6(A) if 
overshoot occurs; in system 6(B), once 
rtain minimum value of error is reached, 
strophe results if the error again ex- 
is this limit; and in system 6(C), catas- 
he results if the undershoot is greater 
1a prescribed amount; e.g., the process 
zes prematurely. Granted that these 
extreme cases; yet it is in such extremes 
re the designer cannot rely on mathe- 
ical convenience and employ the JSE 
TAE with any success. Many other ex- 
ae cases could be cited for which the well- 
wn indices would not produce satisfac- 
r results. 

; is in such situations where we feel 
- a different interpretation, namely a 
netric interpretation, offers some help 
he designer. For example, in the three 
s of Fig. 6, time-weighting is relatively 
nportant, since the same calamity oc- 
whenever the specifications are not met. 
s, equation 138 can be written in the 
ler form 


S,° Fle) dt 


sases 6(A) and 6(B). F-functions, which 
d be used in evaluating system perform- 
5, Might then be selected as shown in 
7. The system of Fig. 6(C) is some- 
t different, since a time-weighting func- 
, Wi(t) can be used to formulate a 
ningful measure. For example, W,(¢) 
it be defined as being equal to zero 
l %, the time at which the output func- 
first crosses the value 7m, and it is 
il to one thereafter. For simplicity, 
, equation 13 could be rewritten as 


(14) 


y 1961 


E=JSy Fle) dt (15) 


An F-function that could then be used for 
this case might be one of those shown in 
Fig. 8. These examples serve to illustrate 
how a performance measure can be formu- 
lated to handle very special cases. 

Although the template concept of Fig. 3 
provides a formulation that may achieve 
similar results, a geometrical interpretation 
of equation 18 permits a formulation that 
can readily be mechanized on an electronic 
computer. The repetitive analog computer 
is particularly well-suited for doing this, al- 
though slow-time analog computers or digi- 
tal computers can also be used for evalua- 
tion of these performances indices, Fig. 9 
illustrates how such performance measures 
are mechanized. 

Several degrees of sophistication are im- 
plied in Fig. 9. For example, the model 
may be defined as unity, so that model error 
is simply input minus output; or, the 
model may be defined as a pure delay of +r 
units, so that model error is delayed input 
minus output (delay-error); or, the model 
might be defined as some desired transfer 
function, so that the model error is some 
sort of comparison error. If the system 
parameters are subject to change, then the 
model might be selected as a satisfactory 
(optimum) set of parameter values of the 
system transfer function. Then the per- 
formance index is a measure of the devia- 
tion from the desired output, and may be 
used to form a basis for adaptation in the 
sense of Aseltine.© We are currently en- 
gaged in research activities oriented along 
these lines. 

In reference to Fig. 9, mention was made 
of the delay-error e(f, +). This delay-error 
has been used in connection with deter- 
ministic inputs and also, to a greater ex- 
tent, for certain types of statistical inputs. 
In the latter case, the error measure of equa- 
tion 14 is modified to become 


Tr 
E(r)= bliin Lf mee 7) |dt 


The well-known special case of this form is 


(16) 


r 


E(r)= lim e>(t r)dt (17) 


To oT —T 


which can be expanded under certain condi- 
tions (linear system, stationary, and ergodic 
input) into the form 


E(r) rt érr(0) +¢cc(0) —2¢7¢(7) 
where ¢;, and ¢¢,- are auto-correlation func- 


tions and ¢r¢ is the cross-correlation of input 
and output. Studies of equation 18, used as 
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Fig. 8. F-functions which could be used for 
case of equation 15 


a performance measure, have been made.® 
We have also reported on studies of the 
interrelationships between the measure of 
equation 17 and the corresponding case for 
deterministic input. Also discussed are a 
number of papers that describe interesting 
applications of statistical methods to per- 
formance measures. In this connection, we 
would like to point out that several other 
writers”® previously had discussed the find- 
ings of Sherman (see reference 37 of the 
paper) that any symmetrical function of 
error yields the same optimum filter for 
Gaussian inputs, provided the function is 
nondecreasing. 

We agree that further development of the 
theory of statistical performance measures 
is needed. However, we wonder if a state- 
ment can or should be made that statistical 


E 
PERFORMANCE 
INDEX 


Fig. 9. Mechanized evaluation of performance indices 
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design specifications should not be employed. 
Might we not say, rather, that no standard 
method or methods can be recommended 
at this present state of the art? 
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E. J. Groth (Motorola, Inc., Scottsdale, 


Ariz.): The writer is gratified to have been 
asked to comment on this paper. It is 
understood that the purpose of the study 
is to establish, principally for procurement 
efforts, a minimum list of specifications. 
To become a standard, it is necessary that 
such minimum specifications apply in a 
large number of cases, with serious devia- 
tions required only occasionally. To test 
the value of a proposed set of specifications, 
some sample cases should be tried. The 
writer has explored this to some extent, and 
has reached the conclusion that only the 
simplest of controls can be specified without 
extensive additional specifications. 

For example, it appears that the study 
ignores the situation where a given control 
may be only a portion of a much larger 
control system. For instance, an auto- 
pilot, which is certainly a control system, 
may well be a portion of a bombing- or fire- 
control system. Could an autopilot be pro- 
cured against the list of minimum specifica- 
tions? Certainly not. Would the mini- 
mum list, augmented as required, be of any 
real value? Here again the answer is no. 
Such a control system requires shaping of 
its characteristics so that the response of 
the total system meets some set of require- 
ments again not specifiable by the minimum 
list. Any control system which is to operate 
on a load member which has resonances, or 
whose supports have resonances in the 


bandwidth of interest, must be specified in 


entirely different terms than those developed 
for the minimum list. This category in- 
cludes a great portion of the high-perform- 
ance control systems being procured by the 
military at the present time. 
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The foregoing statements imply that con- 
trol systems must frequently perform a 
filtering function. This is the actual case, 
and procurement involves a total system 
specification rather than simplified control 
system specifications. 

Another point of importance is that the 
approach taken in the study tends to look 
at servo specifications under certain well- 
defined and common types of inputs such 
as, for example, step functions. It is con- 
sidered that an important specification is 
the per cent overshoot of a system when 
subjected to a step input. It is really much 
more important to specify the output per- 
formance in terms of the expected input, 
or more generally the spectra of expected 
inputs. It may well turn out that a given 
control system will never be subjected to a 
step input. This example leads to the 
generalization that the newer design tech- 
niques and specification techniques for con- 
trol systems, which spell out the perform- 
ance of a system in a statistical fashion with 
the inputs and outputs considered as 
spectra, have been slighted. The writer 
believes that the design of control systems 
using these newer techniques is more realis- 
tic than the normal noise-free design tech- 
niques that have been used in the past and 
around which nearly all of the specifications 
are developed, 

It is stated that a performance index will 
emphasize some properties of the response 
more than another index. This is true 
for the simple approaches to design. How- 
ever, there are cases in which performance 
indices provide quite useful and necessary 
information. Such an example occurs with 
distortionless systems. A distortionless 
system is defined as one having outputs 
equal to the inputs for all inputs (restricted 
to some bandwidth including all frequencies 
of interest). Distortionless systems are not 
considered in the paper and indeed, it is im- 
plied that such do not exist. Recently, the 
efforts of. the writer have been associated 
with placing two different distortionless 
control systems in the field. Optimization 
of these systems against noise spectra pres- 
ent at the inputs and against certain system 
biases was carried out. The specifications 
for these highly successful systems had to 
be statistical, and the quantities compris- 
ing the minimum list of specifications had 
no useful meaning. 

It is agreed that standardization is re- 
quired in the procurement of control sys- 
tems. However, the writer believes that 
such should extend only to standardizing 
the meaning of terms and this should, of 
course, be a developing thing as new tech- 
niques of design and implementation de- 
velop. The standardization should not ex- 
tend to delineating a minimum list of 
specifications because of its lack of applica- 
bility for other than the simplest control 
systems. The writer believes the examples 
cited above support this view. 


J. E. Gibson, Z. V. Rekasius, E. S. McVey, 
R. Sridhar, and C. D. Leedham: The 
authors wish to thank the discussers for 
their complimentary remarks and_ their 
technical criticism. It is extremely im- 
portant to have several viewpoints when try- 
ing to establish a standard set of specifica- 
tions. 

Mr. Trembath’s remarks regarding the 


difficulty of specifying large, complex sys 
tems are certainly appreciated; in fact, f 
difficulty was exactly the motivation wk 
spurred this study. His point that a 
signer often does not have complete free¢ 
within the performance specifications 
plies without exception to systems 
authors have encountered. There 
always be limited space, weight, price. 
bility, and other specifications, in add 
to performance specifications. It is ¢ 
true that certain elements within the loo 
frequently are specified in advance. It me 
come as a disappointment to missile 
signers, but the authors feel that, in thi 
regard at least, aerospace and milit 
problems are simpler than industrial one 
In industrial applications, a “‘clean”’ set ¢ 
specifications is extremely rare. Generally 
a greater proportion of the system is sp 
fied in advance than is common in de 
ing from the ground up, as in a new ae 
space system. 

It must be emphasized that the specifies 
tions given are definitely designed for tho¢ 
systems that are a part of a larger, ov 
system, and apply as directly as they do 
isolated systems. Indeed, the interactia) 
of the over-all system upon the automat 
control subsystem is the source from whi 
the input-output specifications on the sa 
system are derived—and why, incidental 
untrustworthy specifications, such as 
and phase margin, cannot be used. 
sum total effect on a system of statistics 
variations within a supposedly identi 
lot of components is certainly of seri 
concern. In fact, this is exactly why n 
zero tolerances must be placed upon the ra 
sponse specifications. The authors fek 
that the go-no-go templates are qui 
reasonable—in fact, conventional—sol: 
to this problem. 

The authors, of course, concur with 
Trembath in the viewpoint that experie 
insight will yield better systems; and it! 
the authors’ intent to place in the hand; 
the buyer and the vendor a consisten 
of specifications that will help to mini 
confusion and disappointment. Good 
and an intent to meet the spirit of spec 
tions are, of course, always necessary; bu 
this appears somewhat beyond the preser 
discussion. 

The discussion by Mr. Rideout and My 
Schultz adds materially to the presentat 
on performance indices, and we are 
agreement with the views they express 
might be pointed out, for example, that 
tine et al.! achieved excellent results 
particular system with JRAR, which i 
general, unreliable. It appears difficult a 
perhaps not even desirable to force all 
tems into a single mold by the use 
single general index. This may be read 
trivial statement, but the authors did 
allow themselves to make it until the em 
of their study. Rideout and Schultz aa 
well known for their work in the area, 
it is interesting that our conclusions cone 
with theirs. 

In regard to statistical design specific: 
tions, it was the authors’ intent in the | 
paragraph of the statistical specificatid| 
sections and the last paragraph of the coi 
clusions to convey the information expr 
by Rideout and Schultz; i.e., no met 
can be recommended for statistical specif 
tions at the present state of the art; 
most certainly engineering research should 


May if 


ected at improving this situation; A 
her extensive research effort is presently 
der way at Purdue on statistical design of 
tems, and it is hoped that results may 
m1 be reported. 
Mr. Groth’s closely reasoned remarks de- 
ve atswers as closely reasoned; hence, 
teply paragraph by paragraph. The 
tement of principle in his opening lines 
excellent; but he realizes, as do the 
thors, that one or two pathological exam- 
s could be chosen to prove almost any- 
ng. His autopilot example in the second 
ragraph does not fall into this category, 
r does the general problem of a control 
stem which is a part of a larger system. 
We feel that this point has been dis- 
ssed in commenting on Mr. Trembath’s 
natks. However, to be specific, we do 
1 that these specifications “as aug- 
nted”’ would be of real value in procuring 
autopilot. Our reasoning is: Some 
ecifications must be set on the autopilot 
be placed out for bid. Naturally, these 
ecifications should be set by a team of 
perts in the area. A number of vendors 
ll respond to the invitation to bid. There 
ll follow the usual dialogue between ven- 
rand buyer. Since it is to everyone’s con- 
mm that the conversations and reports be 
clear and explicit as possible, it appears 
vious that the terms be defined. The 
thors flatter themselves that they in- 
ided on their preliminary lists every term 
common use in control system terminology 
every western language. These were re- 
ced and weeded to those here presented. 
le authors maintain that with their 
ilosophy of a common language there 
ould be no argument. Naturally, how- 
er, there will be argument with specifics. 
Certain specifications may be found to 
useless or misleading and will be re- 
uced; others will doubtless be added. 
uturally, if a buyer wished to specify other 
ms, other terms could be used, but ‘‘. . . 
y control system which is to operate on 
load member which has resonances, or 
lose supports have resonances in the band- 
ene OL interest... .7 or“... a con- 
1 system which requires shaping of 
characteristics so that the response 
the total system meets some set of 
{uirements. -’ could be = specified 
terms of the specifications here given. 
fact, exactly this problem was under 
cussion when the frequency response 


velope, the M-peak, the bandwidth, 
d the impedance specifications were 
fined. 


Mr. Groth’s third and shortest paragraph 
ites a position entirely in accordance with 
2 authors’ view, but they emphasize that 
2se specifications most definitely can be 
sd if the buyer or vendor cares to take 
> filter point of view for a system which 
1 portion of a larger system. For instance, 
certain applications, it might be advis- 
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able to call out a specification on closed-loop 
phase shift versus frequency in the form 
of a go-no-go template, along with specifica- 
tions from the standard set. The buyer is 
at liberty to do this, but it must be re- 
membered that overspecifying the system 
will add to its cost. 

Mr. Groth’s opening sentence in the 
fourth paragraph is exactly correct. Fur- 
thermore, the authors are well aware of the 
desirability of closely tailoring a system to 
actual inputs and this is the point of that 
section in the paper dealing with statistical 
specifications. Rather close association 
with the actual state of the art in statistical 
design, however, has left the authors with 
the opinion that statistical specification is 
rather academic at present, and that it will 
remain so until a more realistic approach 
becomes mathematically tractable. Atten- 
tion is directed to the text following equa- 
tion 10. Mr. Groth is reminded that the 
authors specifically avoid the area of design, 
and point out that this must remain the 
province of the vendor. They further state 
in the conclusion that all available statis- 
tical input information should be given to 
the vendor, and that it may be used in the 
design as the vendor sees fit. 

No doubt Mr. Groth feels at a disadvan- 
tage, as do the authors, because security 
restrictions prevent the citation of examples 
that might prove a point. The missile in- 
dustry’s aversion to step functions is well- 
known, and to be required to meet difficult 
specifications, in the face of other severe 
constraints, is unpleasant. Mr. Groth 
might be reminded, however, of the rather 
dramatic films shown on television of the 
successful Polaris no. 2 firing. It was our 
distinet impression that the missile erupted 
from the water at about a 35-degree angle 
from the vertical, and an abrupt change in 
command heading of 35 degrees is usually 
considered a step function. 

In the fifth paragraph, the authors agree 
with Mr. Groth’s first three sentences. It 
was hoped, in fact, that the class of sys- 
tems for which J/P’s (indices of perform- 
ance) proved useful would be broad enough 
to warrant the term “general,” although 
this has not proved to be the case. Per- 
haps the best approach is that of Rideout 
and Schultz in which a class of JP’s is 
tailored to meet specific situations. At 
Purdue, we have had some success with 
a new class of indices, based on extensions 
of the second method of Liapunov. 
These results are soon to be published by 
Rekasius. 

With regard to the remainder of the fifth 
paragraph, the authors are somewhat con- 
fused. If we understand the discusser 
correctly, he is defining a class of systems in 
which the difference between the output 
and a nonzero input is actually zero over a 
finite bandwidth; not merely desired to be 
zero, We are not aware that in the paper 


we implied or stated anything concerning 
such systems. However, we will be happy 
to do so. The authors believe that such 
systems do not physically exist and can 
never physically exist. In fact, we believe 
it can be shown that such a physical device 
is theoretically impossible. These state- 
ments apply whether zero-error is defined 
on a steady-state sinusoidal basis or on an 
rms-error basis. Doubtless Mr. Groth does 
not mean what he seems to be saying since 
he goes on to speak of optimizing such sys- 
tems, which seems to imply (or, so we 
infer) that the error is not zero at all. 

An interesting case of a distortionless sys- 
tem (distortionless, in the mean-squared 
sense) is considered by Peterson? who treats 
of an optimum linear time-varying sys- 
tem. In the closing comments, Peterson 
claims for optimum time-varying systems 
that “I have never found a case where it 
(mean-square error) does not vanish if the 
message has a nonstationary ensemble corre- 
lation for which it is possible to write an 
analytic closed-form expression for a repre- 
sentative member of the ensemble.” 

The fallacy in Peterson’s argument is evi- 
dent if one considers equation 25 in the refer- 
ence. The expression for the optimum sys- 
tem relies on the fact that the rhs of equa- 
tion 25 is always positive. This is true 
only if the inputs are independent, and this 
certainly is not true for the example chosen 
in the paper as evidenced by Fig. 1, where 
both the inputs z(¢) and 7(t) have com- 


ponents dependent on the acceleration i(t). 


However, if one does consider statistically 
independent inputs, equations 33 through 
38 are not valid. Hence, the expression for 
the mean-square error, equation 6, from 
which the conclusion of no distortion is 
drawn, is invalid. 

On the final paragraph, the authors agree 
with the discusser’s opening statement. 
They also agree that terms and definitions 
should certainly be subject to continual re- 
view and modification. However, we must 
point out that this is not a minimum list 
but rather a standard list. A buyer is free 
to use more specifications, or fewer, as his 
application demands. It is the authors’ 
opinion that this is a preferred list in the 
sense of the RETMA tube list, and will 
fit a great majority of linear systems. If we 
can agree to use these terms and definitions, 
progress will have been made. In addition, 
for many systems, the necessary and suffi- 
cient specifications for the performance as- 
pects of the system may be chosen from 
this list, thus again yielding progress. 
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Design of Ignitron Firing Circuits 
Utilizing Controlled Rectifiers 


D. C. GRAHAM 


ASSOCIATE MEMBER AIEE 


GNITRON TUBES have been applied 
as the basic rectifying device in elec- 
tronic power converters for many years. 
The fields of application have been both 
broad and varied. New applications and 
new requirements on old-type applica- 
tions stipulate more stringent perform- 
ance characteristics and an even greater 
reliability than ever before required. 

Voltage control of an ignitron power 
converter is achieved by controlling the 
time in the cycle where conduction is 
initiated. The passing of a current pulse 
through the ignitor at the proper time 
initiates the conduction. The circuit 
which generates these current pulses, and 
controls their phase position, is called the 
firing circuit. Therefore, the operating 
characteristics of the electronic converter, 
as a whole, are dependent on the firing 
circuit characteristics. 

Nonlinear reactor firing circuits obtain 
phase delay by means of phase-shift 
reactors.1 The phase-shift reactors, 
which operate on the principle of the 
magnetic amplifier, have a high volt- 
ampere operating level which results in a 
speed of response of approximately 15 
to 20 cycles for conventional-type firing 
circuits. This response time has become 
marginal, even with forcing, by the trend 
to individual power supplies for the multi- 
ple stands of continuous hot mills, coupled 
with increased rolling speeds. The ap- 
plication of rectiverters as power supplies 
for reversing mills, electronic exciters, 
and magnet power supplies for particle 
accelerators, requires a phase-control 
range greater than conveniently available 
with reactor-type firing circuits. This 
increased range of phase shift is neces- 
sary to operate over the entire range of 
rectification and inversion.” 

Most reactor firing circuits have rather 
nonlinear phase-shift characteristics which 
introduce a variable gain in the closed- 
loop regulating circuits employed on such 
applications. 
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The reactor firing circuit, while possess- 
ing a high degree of reliability and cer- 
tain economic advantages, cannot meet 
the more stringent requirements of 
modern-day applications. 

The older capacitor-thyratron circuit! 
overcame most of these disadvantages 
but, because the power-handling capa- 
bilities of commercially available thyra- 
trons were not compatible with the power 
requirements of the firing circuit, poor 
thyratron life resulted. This type of 
circuit did not meet with industry accept- 
ance, since reliability and long trouble- 
free life of components are required on 
these important applications. 

_ The foregoing considerations dictated 
the need for a firing circuit having: 


1. A fast speed of response. 
2. An extended phase control range. 
38. A high degree of reliability. 


4. A controllable phase-shift character- 
istic that is linear, and therefore does not 
introduce a variable gain in the regulating 
loop. 


This paper describes a firing circuit 
which meets these more stringent present- 
day requirements. The circuit analysis 
and the necessary theoretical considera- 
tions to permit the design of a firing cir- 
cuit for any given set of pulse require- 
ments are included. 


Circuit Operation 


CONTROLLED RECTIFIER 
CHARACTERISTICS 


In order to understand the operation of 
the circuit to be presented, it will first be 
necessary to become familiar with the 
basic characteristics of the controlled 
rectifier. The controlled rectifier is a 
3-terminal device which is the semi- 
conductor counterpart of the thyratron. 
The reverse characteristic is similar to 
that of a thyratron or a silicon diode, 
since it essentially blocks current when 
negative anode to cathode voltage is ap- 
plied, providing the critical breakover 
voltage is not exceeded and providing no 
signal is applied to the gate terminal. 

The device may be switched to’ the 
conducting state either by exceeding the 
forward breakover voltage (Vo) or by 


applying an appropriate gate signal. 
device will regain its forward blocki 
characteristic only after the forward 
rent falls below a certain minimum val 
and the gate signal has been removed ; 

Fig. 1 shows a schematic diagram of 1 ' 
controlled rectifier. The controlled re¢ ti 
fier is made conductive or “‘gated’”’ b 
positive current from the gate to cath le 
connections. Fig. 2illustrates the typi 
device characteristics. 


eae 


EXPLANATION OF CIRCUIT OPERATION} 
With the preceding basic knowledge o 
the controlled: rectifier characteris! 
we may now proceed with the explanatior 
of the firing circuit proper, as seen in Rig 
: ij 

Fig. 4 illustrates the voltages of th 
various cifcuit components during ¢ be 
complete cycle. During the posit 4 
half-cycle of the supply voltage (es), the 
silicon controlled rectifier (SCR) is” 
the blocking state. The firing capacit 
(Cy) is charged through the char 
rectifier (D,) and the current-limiti 
resistor (R,), as long as the supply volta " 
(és) is more positive than the firing capa ci 
tor voltage (ec,). The firing capacito 
retains its charge as the applied voltage 
decreases and becomes negative since tha 
charging rectifier (D,), the shunt rectifier 
(Ds), and the controlled rectifier (SC. 
prevent the draining off this charge | 
their blocking action. The gate signal 
applied only during the negative ha 
cycle of the charging voltage (es), th 
eliminating power-follow current fra 
the supply and maintaining the circuit 
stability. If the controlled rect 
(SCR) is released during the positi 
half-cycle of the supply ee C 
it will lose control. 

ANODE cer CATHODE 
GATE 

Fig. 1. 


1 


Controlled rectifier schematic 


Fig. 2. Controlled rectifier characterist 


ir=forward current 

in=reverse current 
Vr=torward voltage 
Vr=reverse voltage 

PIV =peak inverse voltage 

Vo =forward breakover voltage 
lz=minimum holding current 
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Fig. 3. Firing circuit schematic 


ignitor voltage 
supply voltage 
charging resistor 
charging rectifier 
=firing capacitor fier 


In Fig. 4 the gate pulse is applied at 
int A. When the gate signal is applied, 
e controlled rectifier becomes conduc- 
re and allows the firing capacitor to 
scharge through the inductor (X,) and 
nitor, as shown between points A and 
The result is an R-L-C oscillatory dis- 
arge. The frequency and the mag- 
ude of the discharge is predetermined 
the values of the firing capacitor (C,), 
e series inductor (X,), and the ignitor 
sistance. 

he purpose of the shunt resistor (Rs) 
parallel with the ignitor is to maintain 
= discharge oscillatory, regardless of the 
nitor resistance. Since the discharge 
oscillatory, the capacitor is charged 
gatively at the end of this forward dis- 
arge period, shown as point B. The 
acitor then discharges back through 
= shunt rectifier (D;) and the inductor 
z), and reverses its polarity, as shown 
ween points B and C. 

y the time the current through the 
trolled rectifier falls to zero, the 
e signal has been removed and the 
ntrolled rectifier regains its blocking 
aracteristic. The width of the gate 
se is important since the controlled 
tifier must have sufficient time to re- 
n its forward blocking characteristic 
er the ignitor pulse and prior to the 
pplication of forward voltage. Since 
controlled rectifier regains its block- 
characteristic, the capacitor main- 
Hs its partial positive charge for the 
mainder of the negative half-cycle. 
> capacitor is then fully recharged dur- 
the next positive half-cycle. By 
bwing the circuit to oscillate and par- 
ly recharge the capacitor, this stored 
rgy can be reused and it reduces the 
yer requirements from the source. 

e power consumed by the circuit in- 
at either high delay or no delay, 
e the capacitor is charged to a value 
e negative at the end of its forward 
harge period than the supply voltage 
a current pulse flows from the source. 
= power increase is not excessive, and 
efore is not detrimental. 

he firing circuit has no time delay 
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Xi=series inductor 
s=shunting resistor 
Ds=shunting rectifier 

SCR=silicon controlled recti- 


Fig. 4 (right). Component 
voltage characteristics 


és=transformer output voltage 
€cf=capacitor voltage 
escr=controlled rectifier vol- 

tage 
€pe=charging rectifier voltage 
eps=shunt rectifier voltage 
ext =inductor voltage 
ei=ignitor voltage 


since the controlled rectifier will phase 
shift as fast as the gate pulse is shifted. 
This is true since, as the gate signal is 
phase shifted, the turn-on time of the 
controlled rectifier will remain a constant. 
The only time delay involved is in the 
regulating equipment supplying the gate 
pulse. The power level required for 
“gating”’ the controlled rectifier is small, 
and therefore regulating equipment may 
be utilized that has a fast speed of 
response. 

Pulse-position modulators, for supply- 
ing the gate signals to the controlled 
rectifiers, comprise a complete subject in 
themselves and will not be covered in 
this paper. There are a variety of cir- 
cuits available for this purpose and the 
response times vary from less than a cycle 
to several cycles. The pulse character- 
istics of a suitable gate circuit for use with 
the firing circuit may be readily deter- 
mined. The pulse should have a sharp 
wave front, a pulse width of 10 to 15 
degrees duration, and a magnitude of 
approximately 3 volts and 60 milliamperes, 
depending on the particular controlled 
rectifier utilized. The particular pulse- 
position modulator chosen will depend 
on the characteristics required of the 
rectifier installation. 

Since the firing circuit operation is 
completely linear, the output pulse 
characteristics may be determined ana- 
lytically. 


Circuit Design 


PULSE CHARACTERISTICS 


The first step of the circuit design is to 
determine the pulse characteristics de- 
sired. Imgnitor characteristics vary within 
predetermined manufacturing tolerances. 
The range of acceptable ignitors is deter- 
mined from experience and exhaustive 
ignitor tests by the individual manu- 
facturers. Characteristics of ignitor 
firing may be illustrated asin Fig. 5. All 
acceptable ignitors must fall within 
the range represented by the cross- 
hatched area. 

In addition to the volt-amperes neces- 


(€s5) 


(€c , 


(€sop) 


(€p,) 


(€p,) 


(ex, ) 
IGNITOR PULSE WIDTH 


(ej) 
ABC 


sary for reliable ignitor firing as shown on 
the curve, a margin must be allowed for 
ignitor aging and variations in the supply 
voltage of the excitation circuit. Limits 
established by applicable standards stip- 
ulate satisfactory operation from 85% to 
110% of rated voitage.* The margin 
necessary is based on experience. 

The broken sloping line of Fig. 5 repre- 
sents the characteristics of a firing circuit 
capable of meeting the given require- 
ments. The intercept on the ordinate 
is the peak voltage developed by the cir- 
cuit with infinite resistance (open ignitor). 
The intercept on the abscissa is the peak 
amperes developed with zero resistance 
(short-circuited ignitor). Different points 


DESIRED CIRCUIT 
CHARACTERISTICS 


PEAK VOLTAGE 


\ 


IGNITOR 
CHARACTERISTICS \. 


° 10 20 30 40 50 
PEAK AMPERES 


Fig. 5. Wolt-ampere characteristics of desired 
circuit 
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on the curve may be calculated by sub- 
stituting various values of resistance in 
place of the ignitor. The controlled- 
rectifier excitation circuit operation is 
linear, and thus the volt-ampere charac- 
teristic will fall on a straight line con- 
necting the two intercepts. 

The values of the peak amperes and 
peak volts of the example circuit taken 
from the curve are 50 amperes and 700 
volts respectively. 

In addition to the peak amperes and 
peak voltage, the desired pulse width 
must be decided. The pulse width 
must be sufficient to allow the establish- 
ment of the cathode spots and the trans- 
fer of the arc to the auxiliary anode, grid, 
or the main anode of the ignitron. The 
pulse width affects the power required. 
A shorter pulse will require less power. 
Thus, the minimum reliable pulse width 
should be used. A pulse width of 12 
degrees has been determined as satis- 
factory, based on experience. 

The circuit analysis may proceed once 
the pulse characteristics have been 
decided. 


Circuit ANALYSIS 


The circuit may be analyzed by con- 
sidering the charging period and the 
discharge period separately. ‘The energy 
required for the discharge will determine 
the charging characteristics required, and 
therefore the discharge part of the circuit 
will be discussed first. 

The discharge circuit, as shown in Fig. 
3, consists of the capacitor, controlled 
rectifier, inductor, and the parallel com- 
bination of the ignitor and shunt resistor. 
The circuit operation is dependent on an 
oscillatory discharge. The basic equa- 
tion for an R-L-C oscillatory discharge 
may be written as* 

2CEe~@ sin Bt 

——————— (1) 
V4LC— RC? 


where 


E=initial voltage of the capacitor 
L=inductance 

C=capacitance 

R=resistance 

¢=time 


a=— (2) 
The condition that must be met for the 

discharge to remian oscillatory is 

R<R, 


where 
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uG 
Roary (3) 


The equation for the peak current of an 
oscillatory discharge may be derived 
from equation 1 by setting the first 
derivative equal to zero and solving for 
t. The value of ¢ obtained, which is the 
time at which the peak current occurs, 
may then be substituted in equation 1. 
The new equation will be the peak current 
of the discharge. 
Let 


2CE 
~ V4LC— RC? 
Equation 1 may then be written 
i=Ke-“ sin Bi (4) 
and 


© =K((e* cos Bt) +(—a sin Bte—™")] 


setting 


* =0 
dt 


and solving for ¢ 
tan 8/« 


Tata sta (5) 


Substituting this value of ¢ in equation 4, 
tan—1B/a 
Tun =Ke-* B )sin( ean 4) (6) 
a 


For any given pulse width it may be 
seen that regardless of the value of L and 
C, 


a=constant 
8=constant 


/4LC—R?C?=constant 


Thus, equation 6 may be simplified 
as follows: 
The frequency of oscillation of we 12- 
degree pulse is 


360 
ices X60=900 cps(cycles per second) = 


1 
Qn-V/LC 
thus 
EGS seltexe Om 


(7) 


Assume 
L=1X10 
then 
C=3.11X10 


and solve for the values of a, 6, and 
V4LC—R?C2. R, in equation 3 is the 
value of resistance at which the dis- 
charge becomes nonoscillatory. There- 


4/4LC — R2C?=2.1 10-4 


fore, a value of resistance less than J 
must be used that has sufficient mat 
to allow for inherent circuit resistance 
A value of 0.8 R. will assure an oscillg 
tory discharge. 


Assume 
R=0.8R,- 
then 


R=1.6 225.91 
he . ‘Ga . 


Solving for the constants a, 6, @ 
V4LC— R2C? with R=0.8Re 


R 
=— =4550 
a OL 5 
aes LGHAlaAn. 


It may be seen from equation 6 thi 
when R=0, a=0, and Imax=K. . 

Substituting these constants in equ 
tion 6, first for the condition of R=0 
R, and then for R=0, results in two si 
plified equations for the two peak « 
rents. | 


Tmax =0.566CE X 104 where R =0 
Imax =0.24CEX 104 where R=0.8Re 
The pan voltage of the circuit with: 
open ignitor is 
BT XO Re 
Substituting the desired values of 7/ 


volts and 50 amperes in equations 8 aa 
10 respectively, gives 


50 =0.566CE X 104 


30 = 40 IN 60 


PEAK AMPERES - 


Fig. 6. Peak volt-ampere characteristic 
for various parameter combinations with a ec 
stant capacitor voltage and constant pulse ' 

of 12 degrees 


All curves for a constant peak capacitor volte 
of 1,040 volts 


May 


0% SUPPLY VOLTAGE 
145 VOLTS 
100% SUPPLY VOLTAGE 
1040 VOLTS 


PEAK VOLTS 
3 
[e} 


ie) HO 20. 230». .40, 50. ..60 
PEAK AMPERES 


7. Peak volt-ampere characteristic curves 
for the example circuit, 8 pf and 4 mh 


ing these two equations simultane- 


424.36 


from equation 7 
C=3.1110-8 


two equations, solved simultane- 
y, give the following values of ZL and 
r the desired pulse: 


.7 mh (millihenry) 


.5 wf (microfarad) 


value of the peak capacitor voltage 
now be determined from equation 8, 
g the value of C=8.5 uf. 


50 10~4 


= =1,04 1 
0.5660 040 volts 


ce equations 9 and 10 have been 
ed, the characteristics of the circuit 
r easily be determined and plotted on 
peak volt-ampere curve for various 
binations of ZL and C, provided the 
e pulse width is maintained. This 
edure enables the values of L, C, and 
peak capacitor voltage to be selected 
the most desirable combination. 
refore, the most suitable circuit 
ponents may easily be chosen. Fig. 
a series of curves illustrating how the 
ampere characteristics vary with 
ent combinations of Z and C with a 
tant peak capacitor voltage of 1,040 
and a constant pulse width of 12 
ees. The higher the value of C, the 
er the peak amperes, and vice versa. 
peak voltage will remain the same as 
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long as the peak capacitor voltage remains 
unchanged. As seen from the curve, the 
circuit characteristic that most closely 
meets the requirements of the desired 
circuit is. the 8-uf-capacitor and 3.9-mh- 
inductor combination. The peak capaci- 
tor voltage of 1,040 volts will be satis- 
factory since the 700-volt ordinate inter- 
cept meets the desired value. The char- 
acteristics of the proposed circuit are 
shown separately in Fig. 7. The upper 
line represents the characteristic for the 
condition of 110% rated voltage, and the 
lower line is the characteristic for the con- 
dition of 85% rated voltage. The curve 
illustrates that the example circuit has 
sufficient margin for the 85% rated volt- 
age condition and also ignitor aging. 


DISCHARGE COMPONENTS 


The current rating of the controlled 
rectifier will be determined at 110% 
rated voltage and the condition of a 
short-circuited ignitor as 


a /15 idt 
Lavg= i ——=1.12 amperes 
0 20 


where Imax at 110% of rated voltage, as 
taken from Fig. 7, is 51.7 amperes at 
short circuit, and 


“ Px/i5 274 dt 
Tims = 1 sae =6.45 amperes (12) 


The parallel resistor rating is deter- 
mined from the current under the condi- 
tion of an open ignitor and 110% supply 
potential. For the condition of an 
open ignitor: 


a/15 72g, 
Irms= f =2.58 amperes (13) 
0 2a 


where Imax at 110% of rated voltage, as 
derived from equation 9, is 


(11) 


Imax =0.24CE X 104=23.4 amperes 


The value of the parallel resistors is 
R=1 oy L 32 ohms 
ct a onm, 
C 


The controlled rectifier utilized in this 
circuit is actually three devices con- 
nected in series. The various manu- 
facturers of the controlled rectifier pub- 
lish derating curves for various conduc- 
tion periods and peak currents which must 
be adhered to in applying the devices. 
Each of the devices utilized in the circuit 
is rated 400 volts and 16 amperes average, 
and meets the derating requirements. 
The series connected devices support the 
110% peak capacitor voltage of 1,145 
volts in the forward direction. The de- 
vice, appliedin this circuit, is not subjected 


to any reverse voltage other than the 
forward voltage drop of the shunt recti- 
fier, The filter action of the circuit pre- 
vents forward voltage surges on the con- 
trolled rectifiers in excess of rated values. 
Potential dividing circuits are utilized 
around each device connected in series 
to assure equal voltage distribution. The 
number of controlled rectifiers in series 
may be reduced as higher voltage rated 
units become available commercially. 

The inductor may be either an air or 
iron core type that is essentially linear in 
operation. The inductor carries the dis- 
charge current and also the oscillating 
current which flows through the shunt 
rectifier. The inductor is rated for the 
a-c pulse with the 110% supply voltage 
condition and shorted ignitor as 


p2x/i6 279 idt 
i. Il a0 =9.45 amperes (14) 


The capacitor must be suitable for 1,145 
volts. 


CHARGING COMPONENTS 
The charging voltage is approximately 
Eepk 


Ene > (15) 
Sas = 51 pie? 
4/2 sin (tan R ) 
and, 
1d 
ns = SO 16 
mE INs AIS o 


Irms=0.62 ampere, neglecting the reduction 
due to the shunt rectifier 


The current rating is determined by 
neglecting the shunt rectifier power sav- 
ing to allowsufficient margin for the condi- 
tion of an open ignitor since under this 
condition the power which oscillates is 
small. 

The resistor and the charging rectifier 
may be chosen accordingly. The charg- 
ing rectifier must be capable of blocking 
the peak capacitor voltage in addition 
to the peak. voltage of the charging source. 
This is true, since the capacitor may be 
fully charged at the time when the charg- 
ing source voltage is at a negative crest. 
This is approximately 2,800 volts in the 
circuit described. 

This design procedure is desirable in 
two respects. First, it enables the char- 
acteristics of a particular circuit to be 
predetermined analytically, and thus ob- 
tain the most desirable combination of 
parameters. Second, the ratings of the 
various components may be determined 
prior to any laboratory investigation. 

Various circuits analyzed by this 
method were tried experimentally. The 
data obtained experimentally compared 
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favorably with the calculated character- 
istics. 


Conclusions 


The circuit operation and analysis 
procedure covers a firing circuit utilizing 
controlled rectifiers that meets the most 
stringent present-day firing circuit char- 
acteristics. Hence, the operating char- 
acteristics of the electronic converter as a 
whole, which are dependent on the firing 


circuit characteristics, are capable of 
meeting the most stringent application 
requirements. 

The controlled rectifier firing circuit 
presented, meets the required volt- 
ampere characteristics for reliable ignitor 
firing; is capable of 170-degree phase 
delay, which is adequate for all applica- 
tions; has no time delay; is rugged and 
has unlimited life; and unlike the reactor 
firing circuits, is insensitive to frequency: 
variations. 
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Optimum Nonlinear Bang-Bang Control 
Systems With Complex Roots 


I—System Synthesis 


PRAPAT CHANDAKET 


ASSOCIATE MEMBER AIEE 


LMOST ALL OF THE WORK pub- 

lished on the synthesis of optimum 
nonlinear bang-bang or relay control 
systems has dealt with the case where 
the controlled system is characterized 
by real roots. For such systems there 
have been numerous papers devoted to 
the derivation of the optimum controller. 
Outside of Bushaw’s work? there has 
not been much in the literature on the 
explicit definition of the optimum non- 
linear controller in the phase plane, or 
phase space, in the case where the con- 
trolled system is characterized by com- 
plex roots. Even in the case of Bushaw’s 
work, the solution for the controller is 
presented only for regulator-type systems 
and his solution is not applicable to 
servomechanism-type systems. These 
points are discussed in more detail in 
the first part of this paper. There have 
been other very fine contributions to the 
literature on this problem.*~* However, 
in these contributions the question of the 
complete optimum nonlinear controller 
as defined in the phase plane or space is 
still left unsolved. 

It is the purpose of this paper to 
present the required phase-space solution 
for the optimum nonlinear controller 
for second-order systems, and thus to 
fill an important gap in the literature in 
the control-systems field. The derivation 
of the required optimum nonlinear con- 
troller is a fairly involved process as this 
paper demonstrates. The resultant con- 
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acteristic roots are complex. 


C. T. LEONDES 


ASSOCIATE MEMBER AIEE 


troller is a fairly complicated device (as 
is evident from Fig. 13 of the paper) 
and it presents some practical problems 
in its mechanization. As a result some 
compromise optimum nonlinear con- 
trollers are presented (see Figs. 16 and 
IE 

Because of the length of this paper, 
some results of analytical studies of the 
dynamic response capabilities of these 
systems are presented in Part IT of this 
paper, ‘Analytical Studies,® in which a 
variety of input forcing functions are ap- 
plied to systems with optimum and com- 
promised optimum nonlinear controllers. 


Bushaw’s Results 


The optimum switching criterion for 
second-order systems was first derived 
by Bushaw in 1952.42 His system 
equation is represented by 


E+g(x, )=4(x, 4) (1) 


where ¢ takes only the values +1 or 
—1, and x, , @ are the variable and its 
time derivatives which are to be reduced 
simultaneously to zero. His optimum 
criterion is to reduce x and # to zero 
simultaneously, in minimal time. The 
results he developed are applicable to a 
second-order control system whose char- 
However, 
his result is applicable only to the special 
class of regulator control systems wherein 


the desired input may not change. This 


is due to the restriction that ¢ me 
only +1 or —1. To make this 
ment clearer, consider a secon 
predictor control system (complex r 
in Fig. 1, where F represents the n 
mum control effort. From this, ¢ 
obtains the system equation 


E(t) + 2EW C(t) + Wr2c(t) =5K PF 
where 
6=+1 

Using a step input 
r(t)=do 
one obtains the error equation 
E(t) +2EW ne(t) + Wr2e(t) = Wr2Q0.—5 KF 
with 
t= Wat 


2 
Ws 


ECS cE 


e(r) —2(7) +e(7)=Ao—8 


It should be noted that, where the i 
is allowed to change, the right 
equation 8 cannot be made +1 of 
as was required in Bushaw’s case. | 

It can be stated in general that 
results, when applied to complex 
tems, are applicable only to the class} 
regulating control devices, where | 


Paper 60-1266, recommended by the AIEE 
back Control Systems Committee and appre 
by the AIEE Technical Operations Depar 

for presentation at the AIEE Fall General 4 
Chicago, Ill., October 9-14, 1960. Manuse 
submitted June 6, 1960; made available for p 
ing September 13, 1960. 


P. CHANDAKET is with the Royal Thai Nal 
Bangkok, Thailand, and C. T. Lronpss is 
University of California, Los Angeles, Calif. 


This research was supported, in part, by 
United States Air Force under Contract ne 
49(638)-438, monitored by the Air Force 
of Scientific Research of the Air Research 
Development Command. 


May > 


OPTIMUM 
NONLINEAR 
CONTROLLER 


- 1. Second-order optimum predictor control system (complex 


roots) 


tput member has to be maintained at 
certain fixed level. In other words, 
> output member has its equilibrium 
te at a zero reference potential. This 
0 includes a class of control systems 
yjected to load disturbances. However, 
hh a system arrangement which is 
shtly different than the usual control 
tem, his results can be applied. The 
sic arrangement is suggested in Fig. 2. 
should be emphasized that the equi- 
rium state is at c=é=0. With this 
angement, a desired input can 
applied by moving the potentiometer 
B, —B) up or down. This is the 
ne as introducing a new nonequilibrium 
te to the system. The optimum 
alinear controller is then designed to 
ng the system back to the equilibrium 
te where c=é=0 or r(t)=c(é) in 
nimal time. With this mode of opera- 
n, the design of the nonlinear controller 
based on equation 2 for its optimum 
recting process, since in this case 
j=e(t) when c and c¥0 and c(é)=r(é) 
en c=é=0. With this arrangement, 
obtained response will be optimal 
His Sense. 

Somparing this to an ordinary control 
tem (Fig. 1), the optimum nonlinear 
troller must be designed such that 
rings e(é) and é(#) in equation 4 to 
9 simultaneously, in minimal time. 
te also that ap appears in the right half 
equation 4, and this implies that the 
ut information is needed as a pre- 
‘ing control factor in the required 
linear controller. It may be seen 
t both systems will yield optimum 
onse in their own senses. 


. 


tement of the Problem 


| : ae 
n this paper, the optimum switching 


eria will be derived for a second-order 
imum predictor control system of 
iplex roots in the left-half plane 
£<1). These results will then repre- 
- a significant extension to Bushaw’s 
k which is restricted to the special 
. of regulating control problems. 
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SYSTEM MEMBER 


OPTIMUM 
NONLINEAR 
CONTROLLER 


K 


s*+2€W,S+We 


Fig. 2. Basic control system modified for Bushaw’s result 


Since the system equation is different 
from that of Bushaw’s in that 


1. the direction of the force is opposite 


2. the stable point is no longer at +1 and 
—1 

all Bushaw’s results must be modified. 
In order to facilitate the development of 
the results, the work in this paper will 
be developed on a self-contained basis, 
and a rigorous proof will be skipped, if 
basic reasoning can be applied. The 
approach to the problem will be slightly 
different from that of Bushaw’s. In 
this work the optimum switching criteria 
will be directly derived from the use of 
inductive techniques which will then 
lead to a better understanding of the 
problem. 

Since the obtained results will be 
quite complicated and very difficult to 
mechanize, a compromise switching cri- 
terion which will lead to a near-optimum 
response will be suggested. An analog 
study for this problem will also be 
discussed in Part IJ of this paper.® 


Properties of Phase Trajectories 


The system shown in Fig. 1 will be 
used for deriving the optimum switching 
criterion. Now, the optimum switching 
criterion is to reduce ¢ and € in equation 
8 to zero simultaneously, in minimal 


time. Let 

u(r) =€(r) (9) 
u(r) = €(r) (10) 
then 

ie =u(r) (11) 
or u(r) —260(r)-+M (12) 
where 

M=A)—6 (13) 


From equations 11 and 12, one obtains 
the slope of any phase trajectory in 
the u-v plane as 


du(r) 
du(r) 


—u(r)—2to(r) +M 
V(r) 


(14) 


where its stable point (focus) is at w= 
and v=0. Since 6 can take on values of 
either +1 or —1, then for convenience 


Mn=Ay+1 (N-curve) 


My=A)—1 (P-curve) (15) 


Now, it can be stated that, in the u-v 
plane, the stable point for the JN- 
trajectory is (M,, 0) and for the P- 
trajectory (M>, 0) where N and P denote 
the negative (force) curve and positive 
(force) curve respectively. 


LIMITATION ON do 


Applying the Final Value Theorem to 
equation 2, one obtains the system 
steady-state position as 


as a result of this, if F is the maximum 
allowable control effort, the maximum 
limit of ao, the step input is, recalling 
that |6|=1 


|ao| <> (16) 
ao Wr2 ; 
or by equation 7, one also obtains 

| Ao] <1 (17) 


In other words, if a is greater than 
KF/W,? there will be a nonzero steady 
error, which may be assumed to be 
undesirable. 


USE OF CO-ORDINATE TRANSFORMATION 


For convenience, the same transforma- 
tion as used by Bushaw will also be used 
here, namely, 


x= uty (18) 
y= (19) 
where 

y=V1-# (20) 


It should be noted that, with this linear 
transformation, the axis of abscissa is 
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left pointwise invariant, and the time 
length is the same. In fact, it simply 
represents a change to oblique co- 
ordinates. With these properties, the 
significant information, such as the corner 
condition (this term will be defined 
shortly) is unchanged. Therefore, all 
results can be derived in the x-y plane 
and are then applicable to the w-v plane 
by using the transformation equations 
18 and 19. 

Substitution of equations 18 and 19 
into equations 11 and 12, yields 


dx 

g.7 tt ME (21) 
ps 

dy 

rk ye tyr y Ae, (22) 
Ts 

Solving equations 21 and 22 

a(r) = M+e-*"[Ae9?7 4 Be] (23) 

(1) =je*" [Ae — Be] (24) 

where 

1 : 

A =5 lo —jyo)—M] 

and 

B=A (25) 


Slopes of trajectories in the rectangular 
x-y co-ordinates can be obtained from 
equations 21 and 22 as 


halls Oe aie il 
dx § —f&+tyy+MeE 


It can be seen from equation 26 that all 
x-y trajectories cross the x-axis at the 
angle @=tan=! y/t, whereas in the 
rectangular u-v plane, all trajectories 
cross the u-axis with an infinite slope 
(see equation 14). However, when v= 


(26) 


u=0, x=u, and all trajectories in the 
upper (or lower) half of the x-y plane 
will also be represented by the corre- 
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sponding trajectories in the upper (or 
lower) half of the w-v plane. It should 
be stated that all derivations to follow 
will be performed in the x-y plane, if 
not stated otherwise and all figures will 
be drawn in the uw-v plane. It is seen 
that there are two families of trajectories 
in the x-y plane, ie., positive (force) 
and negative (force) trajectories. Both 
of them will spiral around their corre- 
sponding stable points on the x-axis at 
My, or My. This fact can be shown 
from equations 23 and 24 as follows. 
From equation 23 


x(r) -—M=e-*"([x(0) —M] cos yr+ 
yo) sin yr) (27) 


From equation 24 


y(r)= —e~* ([x(0)—_M] sin yr— 
¥y(0) cos yr) (28) 


Squaring and combining equations 27 
and 28 yields 


[x(r) —M]?+-y2(7) =e" [ (x(0) —M?2+ 
9(0)?] 


which indicates that any x-y phase 
trajectory will converge spirally around 
its stable point (1,0) and approaches 
this point when r>o, 

The travelling time from [x(0), y(0)] 
to [x(r), y(7)] can be obtained from 
equation 29 as 


(29) 


1 1 RO=Mi+ly@}? 


~ 26” Le(e) MPL Lyn]? ce 


Another property that will be used in 


the derivation of the optimum switching 
criterion is the travelling time required 
for the successive intersection of any 
trajectory with the x-axis. This can 
be found from equation 24 by using the 
fact that y=0 and A=B, hence. the 
imaginary part of Aée7=0, and this 
yields 


Fig. 3 (left). Example 
of canonical path in the 
upper u-v plane 


Fig. 4 (right). Example 
of canonical path in the 
lower u-v plane 


y(0) f 
x(0)—-M ) 


tan yT= 


Since tan yr is multiple-valued m 
ax/y, one can state in general that 
travelling time for any successive in 
section of a trajectory with the x4 
is x/y. The properties of trajecto 
in general, that have been derived 
this section will be referred to from t 
to time, and for convenience are si 
marized. 


Property I. All trajectories conve 
spirally around their focus at (M, 0). 


Property II. Slopes of x-y phase 1 
jectories are given by 


dy ¥ 9/é 


dx & —kx+yy+ME 


Property III. The travelling time 
quired for any successive intersection 6 
trajectory with the x-axis is 7/7. 


Derivation of Other N ecessary — 
Properties 


It has been shown that the phase tra 
tories in the x-y plane tend to spi 
around the corresponding stable po 
(M, 0) an infinite number of tim 
Among these, there are two zero traj 
tories (6+ and 6—) that lead to the orig 
However, due to Property I, if these t 
zero trajectories (6+ and 6-) are trac 
backward (negative-time direction) th 
will diverge in a spiral about the cor 


_ sponding focus, therefore, one would 


to use some optimum cutoff criteriot 
discontinue these zero trajectories at ¢ 
tain points in order to find the optim 
switching boundary. For convenien 
all properties necessary in the derivati 
of the optimum switching criterion Y 
now be developed. 


Property IV. Any optimum path mm 
be canonical**, A path will be call 
canonical if it contains no PN corn 
above the x-axis and no NP corners] 
low. Note that, this is the opposite 


-Bushaw’s canonical path. 


Vv 
va he aX 
\ Nf Me 
\ \ted 
Sati <0; : 
Ssulé B N A 
y P 
B' 


roof: Since the travelling time is 
ily obtained in the u-v plane due to the 
t that v=du/dr, the proof will be per- 
ned in this plane. Referring to equa- 
1 14 one obtains, for v>0: 


dy 


a 32 
v(8-) dulcpsty 2) 


S property is illustrated at points A 
B in Fig. 3. It can be seen that all 
ners A, B, C, and D satisfy equation 

Therefore, this condition does exist 
he u-v phase plane (also in the x-y 
ne). According to the definition, the 
a containing AB and BC is canonical, 
e it has an NP corner at B. The 
er path is composed of AD and DC 
has a PN corner at D, therefore it is 
canonical. These two paths have 
Same starting point and the same end 
it. Using the time relation 


ae (33) 


an be seen that tTast+Tac<TaptrT ope. 
his condition occurs, one can always 
ye that the canonical path will take 
time than the one with the wrong 
er that is not canonical. 


or v<0, one obtains from equation 


do 


(34) 
(8) dulpcs+ 


the condition shown in Fig. 4 may 

In this case, the canonical path 
ains A’B’ and B’C’ with a PN 

at B’. By using equation 33, one 
see that ra’p’tra'c’<Ta'n’ +7’, 
h leads to the same conclusion that 
time required for the canonical path 
ways less than that required for the 
vith the wrongcorner. The canonical 
Miple will be used throughout the fol- 
ig derivation. It is easily seen that 
given path which is not canonical, one 
always replace it with a canonical 
which willtake less time. Therefore 


optimum path must be canonical, 


Fig. 5. 


Fig. 6 (right). Short-path property VI in the u-v plane 
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Illustration for property V 


whereas the opposite statement is not 
necessarily true. 


Property V. The time required from all 
initial points on or within the boundary 
enclosed by either the zero trajector (T’, or 
Ty) and the u axis in the u-v plane (or x- 
axis in the x-y plane) to reach the origin 
is less than +/y (or equal at its limit). 
This is shown in Fig. 5. 


Define: The zero trajectories P50 
I’, as the part of the phase trajectory that 
passes through the origin, and these can 
be obtained by tracing the trajectory 
(5+ or 6~) backward from the origin for 
w/y unit time. Referring to Fig. 5, it 
may be seen that these curves are unique 
and represented by I’, for 6+-force and I’, 
for 6~ negative force. 

If the initial point falls in the P-loop, 
the required path is obtained by applying 
an N-force until it reaches Ty. The 
forcing function is then switched to a P- 
force and the trajectory follows I’, to 
the origin. One can obtain a similar re- 
sult if the initial point falls in the N-loop 
by applying a P-force until it hits I’, then 
following I, to the origin by using the N- 
force. 

Proof: See Fig.5. Assume the initial 
point at p, and let 


Tpr= (5 -force) 
tri= 0(6+*-force) 


then we must prove that A+o<z/y. 

For convenience, prove this by using 

negative time starting from the origin. 
From equations 23 and 24 


xp= (Ap—1) +08" (Ae F194 Bef’) (35) 
yr =je(EAe IV — Bel’) (36) 
where 
1 
=- (1—A,))=B 
3 (1 —Ao) | 
p= (Aot1) +e [Are 9+Bie9] (37) 


xp =je® (Aye — Bye) =0 (38) 


where 
ih ; 
Ai= a Tr = (Ao+1)] 


Solving the previous four equations using 
the fact that yp =0 implies 


Im[A1e4”] =0 
yields 


sin yA _ (1 —Av) 


PS Ear (39) 
sin y(o-+)) 2 


By inspection of equation 39, the right side 
of the equation is positive (| Ad <1 by 
equation 17], sin A>0 by Property III, 
hence, sin y(o-+A) must be positive and 
this implies (o++\)<~2/y since either o or 
\ cannot be greater than 2/7 by Property 
III, and this completes the proof. A 
similar proof can be applied to the N-loop 
and will lead to the same conclusion. 


Property VI. See Fig. 6. 

A. If an N-trajectory crosses the axis 
at x>Mn, a shorter path can be found by 
shunting that path with a P-curve. 

B. Ifa P-trajectory crosses the x-axis 
at x<M>, a shorter path can be found by 
shunting that path with a N-curve. 

The proof will be given in the u-v plane, 
because it is more easily seen and may be 
done with easier techniques. However, 
the results are applicable to the x-y plane 
due to the linear transformation in equa- 
tions 18 and 19. For convenience, the 
slope characteristics in equations 32 and 
34 are rewritten 


tor v>0: 


dv| _ dv 


— 32 
duly du 32) 


ie 


for v<0: 


dv 
p du 


do 


ee (34) 


N 
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Slope conditions of equations 32 and 34 
are illustrated at points Ai, A2, Bi, and 
By. The given paths of Property A and 
B are represented by the NV-curve abc and 
the P-curve def. One can find the shunt 
path ab’c (P-curve) and de’f (N-curve) by 
referring to equations 32 and 34 in the 


vicinity of the w-axis. Using the fact 


that 


7) dy 
oe f iz: 

u(o) ? 
it can be proved that 
(Property A) 


Tab!c<Tabe 


tae's<Taes | (Property B) 


It should be noted that this property is 
also applicable in the x-y plane in the 
vicinity of the x-axis that satisfies the 
condition given in Properties A and B. 
Therefore, with a given path which vio- 
lates this property, it can be shunt with 
another path which will take less time. 


Property VII. The optimum path for an 
initial point which falls either inside the 
zero loop (see Fig. 5) or on its boundary 
can be obtained in the same manner as 
the path in Property V, namely: 

A. For an N-loop (if the initial point 
is not on I,), an initial positive force is 
needed until the trajectory reaches I’p. 
It is then switched to a negative force to 
follow [', tothe origin. If the initial point 
is on Ty, just use an N-force until it 
reaches the origin. 

B. For the P-loop (if the initial point 
is not on I’,), an initial negative force is 
needed until the trajectory reaches Ip. 
It is then switched to a positive force to 
follow Tp to the origin. If the initial 
point is on Ip, just use a P-force and follow 
I’, to the origin. 

It is seen that the paths for A and B are 
derived in the same manner, if the proof 
is accepted in one case it is also true for 
the other. To prove this, study the be- 
havior for the N-loop. Without any loss 
of generality, let the initial point be on 
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Fig. 7. Optimum path in the 
N-zero loop 


the x-axis [see Fig. 7(B)] at P and P; 
where 0<x,<M,, and M,<xpi<&”". The 
optimum paths claimed are pgo and pir2e 
for the given initial points at p and fi, 
respectively. It should be noted that, all 
optimal paths must obey the canonical 
principle (Property IV) whereas the 
opposite is not always true. From 
Property V, the required time for the 
optimum paths (as claimed) is less than 
m/y for both cases. The other paths 
such as q’s’0, pqiri's1'0, pqin0 and 


pire’se’0, as Shown in the figure, also sat- . 


isfy the canonical principle and reach the 
origin; however, as shall now be proved, 
such paths are not optimal. The proof 
will make use of the fact that the time 
required for an optimal trajectory must 
be less than 7/y. 

Proof: To prove 


Tpgo<Tpairi0 


For convenience, and to make this more 


general, let us consider a more general 


case as shown in Fig. 7(B). 


It will be seen later that taking point 


s away from the origin will not change 
the situation as long as we still apply the 
restriction that 


otutr<r/y 


which is obviously the case when s is at 
0 by Property V, where 


Tpq=o (N-curve) 


Tqr=p (P-curve) 


(aaa 
eas 


(B) 


(NV Maer € 


CO ee ee ee ee 


© 


trs=d (N-curve) 1 


Then it has to be proved that rpp,s<« 
u+A. Referring to equations 18 and 
one obtains the following equations: 


xq= (Ap +1) +e (469774 Be77) 
ya=je*"(Ael??—~BeJ77) | 
where 


1 = 
A= 5 ltp— (Art 1 =B 


X= (Ao—1) +e F#(A e714 4 Bye J) 
Yr =je—*#(A,eI1# +Bie 37H) 


where 
1 a 
Ai= 51¥q —jvq—(Ao—1)] = Bi 


tg = (Ao-+1)+e-* (Ase? + Bye) 
ye=jeP(Agei™ —Be™)=0 
where 

, nas is 
A, a [xr —jyr —(Ao+1)] = Be 
Using the fact that y;=0, one obtait ‘ 
solving the previous equations 


as = (Ao-+1) —2e-® + Qe—e(ut®) 4 
e-eotute) Iy5— (14+Ad)] 
Since p and s are assumed fixed, one: 
differentiate both sides of equation 
with respect to o and obtain 
dy eH 4 
d do 
=(o--n--)\) = 2——— or 
Be teak) 2+e-% [xp — (Ay +1)] 
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Fig. 9. Derivation of the first positive switching corner 


Fig. 8. Zero trajectories (Tn and I’) 


re 


E—jy (42) 


ig the fact that the derivative in 
ation 41 must be real, one obtains 


r 
—(2 sin yu+e-*? Z sin y(u+c)] 
o 


=-—e*"Zsin yo (43) 


re 
¥p —(1+Ap) (44) 


e that Z<0 since x»<Mn as as- 
ed. Substitution of equation 43 into 
ation 41 yields 


o+p+nh) 


2sin yu [(2+e§ Z cos yo)? + 
+ Z%e—%2 sin? yo] 
ny |2+e-«*Z| 22 sin yu+ 


e—* Z sin y(uteo)] (45) 


term in the square bracket on the left 
of equation 43 also appears in the 
mminator of equation 45 and this term 
t be positive since d\/do must be 
tive as can be seen in the figure, and 
s the right side of equation 43 is 
tive by the time restriction o<1/y. 
refore, d/do(o+y+A* in equation 45 
t be positive since sin yu>0. This 
ies that, if o is reduced, the time 
ired will also be reduced, whereas 
derivative is still positive. By re- 
ng o to zero one will obtain the path 
which is shorter (in the time sense) 
the original, and this completes the 
f. Referring to Fig. 7, it can be 
imded that't596<T purse 
1e cases where the trajectories pass 
nd are switched later with a negative 
until they reach I, where they are 
1 reswitched and follow I, to the 
m remains to be considered. Note 
in this case, the given point P can 
at any point in this interval and also 
e the N-zero loop. Therefore, the 
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proof will be made general. If this can 
be proved, then it can also be concluded 
that any of the Tpgre5/00, Tpx’s’o Will take 
a longer time than rpg and also that 
T pir’ s'220->T pirdo- 

Now, let us prove that rp:r.0<Tpir’s8's0: 

Again, consider the general case shown 
in Fig. 7(C). In this case, it has to be 
proved that tpps<Tpgrs. Assume 


Tpqg=o (P-curve) 
Tqar=hM (N-curve) 
Trs=X (P-curve) , 


and apply the restriction that o+p-a< 
/Y. 
Proof: As in the previous case, 
x—= (Ap—1)+2e-° —De-2Otu) _ 
Zye~e Atv) (46) 


where 


Z1=%p—(Ao—1) (47) 


which is positive. Assuming p and s 
fixed and performing a differentiation on 
equation 46 with respect to o, one ob- 
tains: 

ee ew ate 

o 


2—Z,e-%" (28) 


d 
tute) =2 
o 


Since this derivative must be real, one‘has 
the relation 


ON ; 
Cee [2 sin yu—Z,e—®* sin y(o+n)] 
oe 


=Z,e-** sin yo (49) 


Substitution of equation 49 into equa- 
tion 48 yields 


£ (A+ut+e)X 
do 
2 sin yu[(2—Zie-** cos yo)?+ 
; Z,2e-* sin? yo] 
|2—Z,e-=*| 2 (2 sin yp—Z,e*” 
sin (o+)y] 


By using the time restriction ¢-+y-+-A< 


(50) 


[xi*(0), yi*(o)) 


a/y and the fact that dA/do is positive, 
since p and s are fixed (see the figure), 
then the over-all value inside the square 
bracket of equation 49 is positive. Note 
also that this term appears in the de- 
nominator of equation 50. Therefore, 
with the time restriction that d/do(o+ 
u+)A) is positive, the argument then 
follows as in the previous case, that by 
decreasing o, then o+pu-+A will also de- 
crease (with » and s fixed). With o 
decreased to a limit such that g coincides 
with p; and 7 approaches s(A=0), then 
pis would replace pigrs, and rp,s<Tp,qrs. 


. With this result it can be concluded that 


Tpp,s<T pars, Which was to be proved. 

If we let s be at the origin, then referring 
to Fig. 7, it can be concluded that Ty,7,.< 
Tp,r’,s',0- Combining these two proofs, 
one can see that the optimum paths from 
point p and f; are pgo and p1720, respec- 
tively, and these paths will take less time’ 
than 1/y by Property V. The previous 
proof does confirm Statement A in 
Property VII. In the same manner, it 
can prove Statement B. In addition, this 
also reveals that the paths along I’, and 
I, are the fastest paths leading to the 
origin, and are unique according to the 
uniqueness theorem. 


Derivation of the Optimum 
Switching Boundary 


It has been shown that the last section 
of any phase trajectory leading to the 
orgin must be either along I, orI,. It 
should be remembered that for a second- 
order system of real poles, the combination 
of negative and positive zero trajectories 
does divide the e—éplaneinto two partsand 
one can use the entire section of both zero 
trajectories as the optimum switching 
boundary. However, this is not true for 
the system of complex characteristic roots, 
because, if one traces either trajectory 
(6+ or 6~) backward from the origin, the 
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zero trajectory obtained will diverge in a 
spiral about its corresponding stable point 
an infinite number of times. Therefore, 
some criterion must be applied to discon- 
tinue the entire zero trajectory at a cer- 
tain point, such that it will represent the 
optimum path to the origin see Fig. 8. 
By Property VI, if I’, or I'p are extended 
(backward) beyond &” and &”, then one 
can shunt them in the vicinity of the u- 
axis by the opposite (force) trajectories 
which will take less time. Therefore, the 
paths beyond &” and £,” will not yield 
optimal path any more. With this fact, 
only the [,, and I, portion of the zero 
trajectories will be used as part of the 
optimum switching boundary. 
From now on, the complete optimum 
switching boundary will be derived on an 
_inductive basis. Since the phase trajec- 
tory is unique, no other P-trajectories can 
intersect [',. The only possibility is that 
they can join at either &? or &”, but this 
has been rejected by Property VI. 
Hence, only P-trajectories can reach In. 
Now, find the rest of the optimum switch- 
ing boundary outside of the P- and N- 
zero loops. Let Ip and I’, be called the 
zero switching boundaries. 


DERIVATION OF THE ZERO SWITCHING 

CORNERS [%o(e)*, Joi) +] 

Trace the curves backward from 
the origin by o unit time. Applying 
equations 23 and 24 obtains the optimum 
switching corners [xoo)+, ‘Yoro)+] as a 
function of time. See Fig. 8 for notations 
xo and yo. where (x+, yo+t) belongs to 
I’, and (x07, 90) to In. 


xo*() =(AoF 1) +e8 [Ae + Be?”7] 
yo (0) =je&(Ae7 — Bel”) » 


where 


An ArF1)=B 
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Solving the previous equations yields 


xo (0) =(AyF1)8 


yo (a) =(AoF1)n (51) 
where 

n=—e sin yo 

B=1—e* cos yo (52) 
By taking o= 7/y, one obtains 

Exim = [Ao(# 1 (1-+e8/7) (53) 


DERIVATION OF FIRST SWITCHING CORNER 
[x1(0)+, Y1(o)*] 


Define the first positive (or negative) 
switching corner as the next optimum 
switching point (backward) from I’, (or 
T,), see Fig. 9. 

Then derive the first positive switching 
corner, which the optimum path from a 
distant point must pass in order to reach 
the origin by the I',-portion. Since the 
optimum path must reach the origin by I', 
assume that this path will reach I’, at 
point r at o unit time from the origin. 
Using a negative time direction, from this 
point one must trace backward along an 
N-trajectory. Certainly the first switch- 
ing point must be outside of the P-zero 
loop (by Property VII-B), and it cannot 
pass the positive x-axis by Property VI. 
Therefore, let g represent the first posi- 
tive switching point, and let p be the 
initial point. Assume 


Tpq=) (P-curve) 
Tar=bh (N-curve) 
Tro -— 7 (P-curve) 


The problem now, is to determine where 
qshould be. By means of equation 51, 


%r(o)=(Ay—1)8 
Ire) =(Ao—1)m 


where 


(54) 


Fig. 10 (left). First positive optimum switching boundary 


Fig. 11 (above). Derivation of the second positive switching 1 


=1—e* cos yo 2 
} 


n=—eét? sin yo . 
qo) =(Ao+1)-+e&( Are + Bye?*) 
val c) =jet(A,e-174# — Bye?) 


where 
Ay =; [xr(o) —jyr(e)—(Ao+1)] =Bi 


xp(o) =(Ay—1) +e®( Ave 5.4 BoeIM) 
Y¥p(o) = je®[ A pe—77® — Brel =0 


where é 
1 SS 
a [x¢(o) —Jye( ¢)—(Ao—1)] = Be 


using 
a=t—17 


one obtains by solving equations 54, 
and 56 


Lap =Ap+2e%—2eeH™ + 
(1—Ap)ex@to+® 4 


Since the point p (given initial conditi 
is fixed, then one can differentiate b 
sides of equation 57 with respect to X¢ 
obtain 

2 sin yu 


d 
pied \) = ee 
pres ) (1=Ap)eE“*) sin yo 


The first optimum switching corne 
obtained by taking d/dy (o+pu-+A) w 
yields : 


Judging from these values, »=0 cal 
exist, since the P-arc cannot intersect 
due to the uniqueness principle, an 
cannot joint I’, at &? due to Propert 
Also, it cannot be 27/y, 37/7, ..-)§ 
it will violate Property VI. The 
choice left is w=a/y. A further chet 


May; 


irm the fact that n=2/y does give 
optimum path, can be obtained by 
ming from equation 58 


: d 
<Aopt then Dp (otH+A)<O 


e 


d 
> opt then a (o+pu-+A)>0 


se conditions insure that, with u= a/v, 
path pqr will be optimal. Therefore, 
rarying o from o to 7/y and using u= 
One can obtain the locus of the first 
tive optimum switching boundary. 
3 is shown in Fig. 10 and denoted by 
The shaded area represents the 
, where all optimum trajectories that 
reach the origin I’, must pass. 


E REQUIRED 


ssume the initial point P on the u-axis 
veen §” and &”, and let tTyg=Aopt. 
ig H=7/y, and the fact that the imag- 
y part of the right side of equation 57 
t be zero, one obtains 

n opt ee 1 


- (1—A)) 


Wo+opt) 4 (282 


e that the right side of equation 59 
t be positive since |Ao|/<1 and Aur< 
, therefore 


Tr 
kupt <— 
vi 


this leads to the conclusion that, for 
initial point on the w-axis which falls 
een £”< U<&,? the minimal time 
ired will be 1/7 <tminQ£2a/y. The 
lity signs hold for the initial point 
Bor £2”. 


IVATION OF THE POSITIVE SECOND 
ITCHING CORNERS [2(0)*, y2(0)] 


should be emphasized that ‘‘positive’’ 
his case implies that the optimum 
is to be switched at this point and 
hes the origin by 65+ force along aI, 
‘ctory. Since the first positive op- 
switching boundary has been 
d, start from this point and work 
ward in order to find the second 
mum switching corner (positive), 
condition of the locus, and the area 
ein the optimum path leading tol, 
t be contained. First, find the rela- 
of the first positive boundary as a 
tion of time, see Fig. 10, by sub- 
ting xot(c) and yo*(c) from equa- 
51 into equations 23 and 24 and using 
ia. 
mb" —(Ao—1)8p 
y= —(Ao—1)np 
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(60) 


where 
p=ekt/7 (61) 
From equation 53 

fi" =(Ao+1)(1+e8/7) 
From equation 52 
n=—e sin yo 
B=1—e* cos yo 

bP =X tay) = 81" — pk? (62) 


Now, derive the second positive switching 
corner. The condition is shown in Fig. 
11. Starting from q in the negative time 
direction, assume the second positive 
switching corner at 71, and let the initial 
point ~; be on the w-axis. 


Let 
Ton=M (N-curve) 
Tig=M1 (P-curve) 


wv 
Ta =— (N-curve) 
ae 


Tro=o (P-curve) 


As in the previous derivation, by trac- 
ing the trajectory in the negative direc- 
tion, starting from point g, which has the 
co-ordinates 
xo) =&"+(1—Ao)(1—e* cos yo)p 
Yolo) = —(1—Ap)e*p sin yo 
one finds 


xpi =(Ao+1)—2e™+(&,"” —240+2) X 
extds) _ (1 — 4,) pex(otmrtm) (63) 


By assuming that #; is fixed, and taking 
d/dd\y\(o+~1-+A1) =0 from the differentia- 
tion of equation 63 it is found that 


(64) 


Ge See oa ee 


ON 
N 


Since dui/d\; must be real, one observes 
from equation 64 that 


sin YM =() 


The possible values of yu; are nx/y where 
n=0, 1, 2, 3,.... It can be seen that x 
cannot be 0, 2, 3, ..., since it violates 
Property VI, and the path will not be 
optimal. Therefore yp, must be r/y. It 
can be checked that w= 7/y does give the 
minimal time; however, this would require 
a great amount of work, and by reasoning 
it is known that the maximum case does 
not exist. Now the positive optimum 
switching boundary up to the second 
switching locus can be shown, see Fig. 12. 
The shaded area represents the limit space 
of the optimum trajectories that reach 
the origin by the I’, loop. 


TIME REQUIRED 


Taking w=2/y and the imaginary part 
of equation 63 equal to zero one has 


sinykr — —_(1—Ao)p 


= 65 
sin y¥(o+hi) &”"+4—2Ay (65) 


Since the right side of equation 65>0 and 
MU<r/y, then o+tdi<a/y. Therefore 
the minimal time required is obtained. 


Qa 3r 


we Tpirigr20 SS (66) 
vi vs 


Note: 


when xp, =” 


when xp, =&” 


By using the inductive derivation, one 
will obtain the similar result that the next 
optimum switching locus will be 1/7 time 
units apart from the last. (The con- 
clusion is seen acceptable by inspection of 


Fig. 12. Demonstration of optimum path reaching the origin by Tp 
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A) 


‘ equations 70 through 74 in conjunction 
with Property VI.) Constructing the 
switching locus this way, one will obtain 
the positive switching boundary ex- 
tending from the origin to + © on the u- 
axis with a gap in between (this gap will 
be filled by a negative switching bound- 
ary), and the area for all optimum trajec- 
tories that will reach the origin I, will 
be limited by the spiral area as in Fig. 12. 
To obtain the complete optimum switch- 
ing boundary, the negative switching loci 
must be derived and these will give the 
optimum switching corners for all op- 
timum paths that will reach the origin by 
T,. This can be obtained in the same 
manner as for the positive switching 
boundary. In fact, one also obtains the 
same result that, starting from I’, in nega- 
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Fig. 13. (A) Com- 

plete optimum 

switching boundary 

and (B) tracing the 

phase-plane  frajec- 
tory 


tive time, 7/7 units of time are required 
for T’,,, and I’, will be +/y units of time 
from T',, and soon. By adding the posi- 
tive and negative switching boundaries 
together, a complete optimum switching 
boundary is now composed of I, and 
Py, where h='1,.2;. 3 2\., ©, and it 
will extend from — © to + © along the 
u-axis. All optimum paths leading to 
the origin by I, must be switched at all 
In, to be passed. A similar statement 
holds also for the optimum path that will 
reach the origin along the I’, trajectory. 
It will be shown later that all T',, and 
I’, are magnified versions of I’, and I, 
obtained by multiplying the ordinates 
by pn where p=e'"/ and properly rota- 
ting and displacing them. The minimal 
time required for any given initial point 


will be presented next. 


on the u-axis is easily estimated by # 
following relation: 

For a given point P where & <X p<, 
the minimal time required falls withing] 
limits 


TF ee 
a Di 


The superscript p or 2 on &, does not oF 
rule this relation. By inspecting th 
havior of the optimum path in Fig, 134 
one can give the optimum switching & 
dition as follows. 


optimum switching boundary, a 
tive force is needed, whereas a negat 
force is needed when the present po 
below the boundary. So far, the com 
optimum switching boundary has” 

been derived in mathematical form. T 


DERIVATION OF £,” AND &),” 


Both &,” and &,” will represent the 
necting points of the positive and ne 
switching boundaries, see Fig. 13. Fors 
ample, determine the location of £,”. TI 
is easily obtained by tracing the trajectc 
in the negative time direction by a 
of forces as shown in Fig. 13(B). 
time required from one to the next i 
by Property III. Since y is always z 
from equation 23 


&? = Ao—[1—(1—Ap)e**/7] 
£2? =Ay+[142e8/%+(1—Ap)e%"/7] 


£5” = Ay—[1+2e8/7 4 2¢2"/7 + . 
(1—Ap)e? : 

EP =Ayt[1+2e8/7 +. 2¢27/7 + 
Qestt/7 4 (1 — Aye 


By the inductive method, one can 
the obtained results in general form 


h-1- Re 
fy” = Ao t( ~vi[ aay they) 
k 


where | 
) 


p=ebt/¥ 
By the same technique, 


&n” = Ao +(—1)"1*+X | 
ess ey 
[142 p*+(1+Ao)p" | ( 
R=1 F | 

i 
DERIVATION OF THE OPTIMUM SwiITCHI 
Bounparigs (I",, AnD I’,,) 


It is suggested from Fig. 13(A) tha 
equation for the general optimum sw 
ing corners (x,*; y+) and (x7, yn7 
be easily determined as functions of 
(c) from the origin along the zero loop 
and I’, by the inductive technique. 


May. 


mple, determine the relation for the 
itive switching corners (x,+; yn), 
e these corners represent the switch- 
points for the optimum paths that will 
+h the origin along the I’, loop trajec- 
Pi 
‘he previous notation, the use of which 
continue, is repeated here for con- 
ience, 


gta / 

—e® sin -yo 
1—e§ cos yo 
re O<o0<7/y 


Ising equations 23 and 24, and tracing 
trajectory backward with a positive 


 (tT=—<), one finds 
7) =(A)—1)8 
7)=(Ay—1)n (70) 


h [xo*(c), yo*(c)] as the initial point, 
Fig. 13, trace the trajectory in the 
ative time direction by +/y unit time 
a a negative force, then obtain 


7) =§,"—(A)—1)p8 


o) = —(Ay—1)pn (71) 
Te 
=(Ay+1)(1+)) 


gain, use [x1*(c), ¥17(c)] as an initial 
it and find the next switching point 
lg a positive force with r= —7/y and 
1in 


(o) = £2” +(Ao—1)p8 


o)=(Ao—1)p% (72) 
repeating the process, one obtains 

a) =" —(Ao—1) p38 

g) = —(Ay—1)p*n 

o) =f" +(Ao—1)p% (73) 
a= --(Ay— 1) (74) 
re &,”, &”, ... are the same as ob- 


ed from equation 69. By inspecting 
results developed in equations 70 
ugh 74, one can write the positive 
mum switching corner in general form 


o) =&,”+(—1)"(4o—1)6p" 


o) =(—1)"(Ao—1)np" (75) 


rhere &,” can be obtained from equa- 

69. With the same procedure, by 
ting from I,, one may obtain the 
itive optimum switching corner, in 
ral form, as 


o) =£n? +(—1)"(Ao+1)Bp" 


¢)=(—1)"(Ay+1)p" (76) 
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Fig. 14. The tech- 
nique for construct- 
ing the optimum 
switching boundary 


By using the inverse transformation of 
equations 18 and 19, one may obtain the 
optimum switching corner in the u-v 
plane as 


mttoante(—1%ae-( 2-2) P 


mi (@)=(=1)"(4o— 1) pi (77) 


and 


wlan? HIM ao41)( 2-8) p" 
mm (o)=(—1)"(4o+1) ©! (78) 
Letting o vary from 0 to 7/y, one may 
obtain the complete optimum switching 
boundary in the x-y plane from equations 
75 and 76 and in the w-v plane from equa- 
tions 77 and 78. 

From the equations of the optimum 
switching corners, 75 and 76, one finds 
that 


[xn *o, yn*cy] =(én”, 0) 


[xn *te/ry, In* e/ry] =(En41”, 0) (79) 
and 

[xn cor, Ya—coy] =(E7n, 0) 

[xn ce /1)» Ya (e/y)] =(En41”, O) , (80) 


Note that these relations can be applied 
directly to the w-v plane since y=0. 
From equations 79 and 80 it is seen that 


Tpn extends from &” to &41” 
and 
Tn extends from £,” to E41” 


These results show that all initial points 
on the v-axis (or x-axis) which fall between 
[£,"| and |E,+1| will reach the origin along 
I’, and those which fall between |&,? | and 
lEn+.”| will reach the origin along In. 
From equations,75 and 76 or 77 and 78 
it is seen that all positive (or negative) 


switching loci are related to the original 
zero loop I’, (orI,,) by the factor p”. In 
order to understand the construction 
techniques of the switching boundary one 
may rewrite this in a simple form as 


(curve I'pn) =&" +(—1)"*1" (curve Thy) 


(curve Inn) =f” +(—1)"*7p" (curve I'n) 
(81) 


Note that &” and &” are the limit (c= 
a/y) of Tyn1 and I'y,,-1. Whenh is an 
even number &,”<0, &?>0, and for han 
odd number, &,”>0,&,?<0. A study of 
equation 81 and Fig. 13(A) will help to 
clarify the construction technique. The 
method of construction of the optimum 
switching boundary is shown in Fig. 14. 
First, one must construct T, and In. 
Next, I',, is obtained by “‘magnifying”’ 
I, by p, then revolving it by 180 degrees, 
and displacing it along the w-axis until it 
joins T,,. I,, is obtained in the same 
manner by magnifying I, by p, then re- 
volving it by 180 degrees, and then dis- 
placing it until it joins T,. Next one can 
construct I',, and I',, and so on, in the 
same manner. A four-loop optimum 
switching boundary of a real system with 
£=0.2 is shown in Fig. 3 of Part IT.é 


SPECIAL CASE (£=0) 


In a second-order system with an 
undamped oscillatory element, one will 
find €=0. In this case y=1 and p=1, 
and the behavior in the x-y plane is 
identical to the behavior in the w-v plane. 
Therefore, it reduces equations 77 and 
78 to 


un* (a) tn” +(—1)"(Ao— 1B 


Un te) =(—1)"(Ao—1)n (82) 
un (o) =tn? +(—1)"(Ao+1)8 
Un—(«) =(—1)"(Ao+1)n (83) 


where &,” and &,” from equations 68 and 
69 become 
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Fig. 15. Optimum switching boundary for an undamped oscillatory second-order system 


Fig. 16. Compromise switching boundary for a second-order complex system 


tn? =(—1)"(2h+Ao[(—1)"—1]) 


tn” =(—1)"F42h+Aol(—1)"*7+1]) (84) 
where 

B=(1—cos o) 

n=-—sin o (85) > 


It can be seen that the zero switching 
corner can be obtained from 82 and 83 for 
Ta: 


ugt =(Ayp—1)(1—cos a) 


00+ =—(Ap—1) sin (86) 
for Ty: 

uo =(Ap+1)(1—cos o) 

v9 = —(Ap+1) sin o (87) 


Tt is seen from equations 86 and 87 that 
the zero switching locus of I’, and I’, be- 
come perfect half circles centered at Mp 
and M, which is (Ag—1) and (Ao+1) 
when o varies from 0 to 7. From equa- 
tions 82 and 83, one can reduce the de- 
scription to a simple form 


(curve pi) =&"+(—1)"*? (curve Ty) 
(curve I'nn) =? +(—1)"*? (curve Pn) (88) 
The optimum switching boundary is 
shown in Fig. 15. 


Compromise Switching Boundary 


The optimum switching boundary de- 
rived in the last section is rather com- 
plicated and the problem of mechaniza- 
tion is practically impossible, since for a 
system of low damping (small £), it might 
be necessary to use several boundary 
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loops to cover the large operating range 
of the error when the system is subjected 
to big load disturbances. For systems of 
large damping (large €&), the error 
trajectories converge very rapidly to the 
origin (see Fig. 1 in Part II‘), there- 
fore the zero loops I’, and I’, can take 
care of larger error. However, in prac- 
tical control problems, the systems usually 
have very small damping so that their 
predominant roots are close to the j-axis 
of the s-plane. These cases may be 
found in missile or airplane dynamic 
functions. For large load disturbances 
such as wind gusts, a nonlinear correcting 
process might be needed to correct a large 
error in the shortest time possible. Due 
to the difficulty in mechanizing the op- 
timum switching boundary, a compromise 
switching boundary will be introduced in 
this section. The analog computer is 
used as the primary tool to study these 
effects. All the results are shown in 
Part II.6 From these results (see Figs. 
3 and 4 of Part II®), itis found that 
by taking the switching boundary out- 
side of the I, and T, zero loops as a 
straight-line boundary along the error axis, 


Fig. 17. Compro- 
mise switching €P 
boundary (approxi- 
mate) of a second- 
order complex sys- 

tem 
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the time response is just slightly lo 
than the optimum time response. 
study is performed for the case of & 
It was found that the error conve 
nearly as fast as in the optimum sys 
A typical compromise switching boun 
is shown in Fig. 16. Ip and I’, are] 
as part of the switching boundary te 
sure that the system error and é 
derivative reach the origin simultaneot 
However, as pointed out previously, 
fect performance cannot be found in 
physical system. If the system 
switched slightly beyond the pro 
switching point, steady-state oscillat 
will take place around the origin. 
ever, since the system under discuss 
is of the quasi-stationary class,’ 4 
modified dual mode concept must be 
to maintain the system in the equilibri 
state without any steady-state os 
lation. In practice, one must use 1 
equilibrium index e and the criterion 
switch the system from nonlinear me 
to equilibrium mode is |e|+é|<e.7  W 
this concept, the steady-state oscillati 
can be eliminated at the cost of so 
steady-state error and e should be set: 
cording to the degree of switchi 
imperfection. 

Further study shows that when 
is decreased, I’, and I’, approach a perf 
half circle. This effect is shown in F 
1 of Part II.6 For small dampi 
ratios, (€<0.2), one can approximate t 
zero-loop boundary T',and IT, by a hi 
circle centered at 1/2&” and 1/2 
respectively with fairly good restl 
From equations 68 and 69 one obtains 


hi? =(Ao—1)(1+p) 
1" =(Ao+1)(1+p) 


The compromise switching bounda: 
approximate, is shown in Fig. 17. 
should be emphasized that the appr 
imate compromise switching bounde 
should be used only for systems with I 
damping (§<0.2). With the use of 1 
modified dual mode concept and wi 
eset sufficiently large, the effect of steac 
state oscillation can be eliminated 
reduced to a minimum. 

By using equation 89 and the opera 
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Tp (APPROX.) 
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n one can obtain the compromise 
itching boundary, approximate in the 
rmalized phase plane (e—é) as follows: 


= (F-(-ie) ete 


(90) 
=0 for |«|>R (91) 
ere 
(45 Au)(1-bet/) (02) 


ie direction of the system forcing 
iction is given by 


e€—& 
ee; | (93) 


should be noted that & represents the 
rmalized switching boundary error 
fivative. Using the modified dual 
de concept the nonlinear force should 
Switched to the equilibrium force 
en the sum of the absolute values of 
and |e| is less than e (equilibrium 
lex). The normalized equilibrium 
ce is Ao. 


clusions 


In this paper, the optimum switching 
terion for second-order predictor con- 
Ml systems with complex characteristic 


Discussion 


ih Yin (International Business Machine 
rporation, Yorktown Heights, N. Y.): 
authors treat the “second-order opti- 
im predictor control system” in a fashion 
ry similar to that of the “second-order 
timum regulator problem” treated by 
shaw in 1952 (see reference 1 of the 
er). The authors point out that the 
erences between their paper -and 
shaw’s are 
The direction of the force is opposite. 
The stable points are no longer at 
and —1. 
‘hey also point out that Bushaw’s 
ult is not applicable to the problem 
restigated in this paper. The culmina- 
. of their analysis is the derivation of 
switching curve T shown in Fig. 13 
the text and the presentation of a com- 
ymise switching boundary. 


u(x) 


AY 1961 


roots was derived. Even though the 
derivation is rather lengthy, the final 
result of the optimum switching boundary 
is reduced to a pattern where it can be 
determined easily by using an electronic 
analog computer. Due to the practical 
difficulty of mechanizing the nonlinear 
controller which is required in this off- 
on type servosystem, a compromise 
switching boundary which was examined 
in an analog computer study*is suggested. 
The compromise switching boundary is 
composed of only the zero-loop boundary 
([', and I'n) of the optimum system and 
the rest of this boundary extends along 
the error axis. 

For & very small (<0.2), an additional 
boundary approximation is suggested. 
The general switching criterion in this 
case was derived in the last section. It 
should be noted that the input infor- 
mation is used as a control factor in the 
error correcting process since the system 
is in the quasi-stationary class. Also, 
the modified dual mode concept must be 
used to switch the system from the non- 
linear mode to the equilibrium mode 
when the error and error derivative are 
in the neighborhood of the origin. The 
switching point for the change from the 
nonlinear mode, in practice, is deter- 
mined by the setting of the equilibrium 
index e. 


e 


After examining both papers, however, 
I fail to find any significant difference 
between them. The difference in the 
direction of the force is just a matter of 
nomenclature. While Bushaw denoted 
trajectories with focus at (+1, 0) as P-ares 
and trajectories with focus at (—1, 0) as 
N-ares, the authors choose to denote 
trajectories with focus at (Mn, 0) as N-arcs 
and trajectories with focus at (Mp, 0) as 
P-ares, where M, and Mp are given by 
equation 15 in the text. For |Ao|<1, 
M,>0, and M,<0. i 

Upon examining equation 8, one realizes 
that the authors are actually considering 
the optimum regulator problem with an 
asymmetrical relay. In other words, in- 
stead of considering a relay with characteris- 
tics shown in Fig. 18, they consider one 
with characteristics shown in either Fig. 
19(A) or Fig. 19(B) depending on the sign 
of Ay. As pointed out by previous in- 


Fig. 18 (left). Relay characteristics 


Fig. 19 (right). Relay characteristics 
depending on the sign of Ay 
A—A y>0 
B—Ay<0O 


The analog study of a second-order 
system of this type is presented in Part 
II,6 wherein the approximate switch- 
ing boundary is used in a system with the 
damping ratio 0.2, The system time 
responses to step, ramp, and sinusoidal 
input are recorded. The results obtained 
are quite satisfactory. 
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vestigators,!—> the asymmetry of the relay 
poses no special difficulty to the solution 
of the problem. It is also evident from 
the fact that A +0 plays no part in the 
derivation of the optimum switching condi- 
tion that two subsequent switching points 
on the switching curve must be 7/7 time 
units apart. Thus Bushaw’s result does 
not lose any generality by assuming sym- 
metrical relay characteristics. While the 
method he used is rigorous, it is also tedious 
and his treatment does not lend itself to 
easy extension to higher order systems. 
Using any of the results given in references 
1 through 5, one easily arrives at the 
optimal switching condition. From there 
on, the derivation of the switching curve — 
in the phase plane is simple. I have re- 


derived Bushaw’s results in reference 6. 
With trivial modifications the derivation 
is equally valid for the case considered in 
this paper. 


In particular, theorem 10 of 
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Fig. 20. O<¢<1 


reference 3 is directly applicable without 
any modification to the present problem. 
One may restate this theorem of Bass in 
the following manner 

Consider the control system given by 


z=Ax+b[u(t)+w], x(0) =xo (94) 


where |u(t)<1; 6 is a constant vector; 
wisa constant |w|<1. Then the optimum 
control which will reduce x(0) to O in 
minimum time is given by 


u(t) sgn [b, y(t)] 


where y(t) is the solution of the adjoint 
equation of equation 94. 


(95) 


Evidently, these are logarithmic spirals 
with foci at (+1+Ao, 0) of xixe plane. 
The adjoint equation is 


d 

Faeries oe 
with solution 

yi = ces! cos (yt—8*) 

4y2= —ces* sin (yi—6*) (98) 


and the optimal control is 
u(t)=sgn [cteé* cos (yt—8*)— 
cyes* sin (yt—6*)] 
=sgn [ce** cos (yt—6*—o)] 


This is the optimum switching conditi 
In terms of reverse time 7=—tH, equat 
99 is written as 


M(r)=M, if cos (y7+8’)>0 
M(r)= Mz if cos (yr+6’)<0 (9 


Given 6’, trajectories starting from ~ 
origin are constructed. On each of th 
trajectories the switching points are 
termined. The locus of switching poi 
for 0<6’<27 is the switching curve. 
method of construction of the switch 
curve is the same as the text. One nott 
that in Fig. 20, the following relations hol 


2(i—1) ker, 
Ser] Achat) e 7] 
k=1 


2i—1 kon 
Su= | Met antag De? | 


Kk=1 
(10 
and 
2(t—1) kgm 
Suer'=| Michie ye (ae | 
K=1 


2i-—1 ken 
Sa =| Mt Me es, ae! | 


K=1 


where i=1,2,3,...along the x-axis. 
It will be shown that Fig. 20 correspon 
to equation 99(A) by induction. | 
After choosing a particular va'ue — 
6’ in M(r), so that at r=04+, M=+4h 
and constructing a trajectory in rever 
time from the origin, we obtais the followin 
sequence of switching points: ai, ae. 


y= —A'y (96) Qn, Qn «.-% For aniy, 6’ we want 
= —sgn [cos (yi—5)] (95A) show that the a’s are on T. | 
A’ is the transpose of A. where From construction a; must lie on # 
For the case at hand we have: first arc of I'* with focus at S;. The ne 
: c>0, «=cos~(—¢) switching point a: is obtained by co 
2 [2 =e sel an structing a spiral arc through a; with foe 
dt| xe —y —£|L_xe and at S,’, subtending an angle of m radians 
¢ 8=d*+o the direction of increasing 7. In Fig % 
| oe (94A) ; ; one finds 
OY Upon introducing s 
where M=u(t)+Ao Steep 
es Vie one has “pe bee gr 
: M=M,=1+A) if t—6 Si'S2=(Mi+ Mo )eY= Sy'S, e 7 
During each switching interval ~w=+1 Peiaa sep ane Seka vanes pitas 
or —1, the solution is given by and and ~ 
x1=u+Aotroe** cos (tO) M = Mz=—1+Ab if cos (yt—8)<0 (99) angle a2S;/S2=angle a15;'S; 
=— —$t i — 
See Oe (97) Fig. 21 (left). Xx, 
Construction of the 
n+1th switching 
arc given the nth 
switching arc u=-l 
M= M, 
a 
mel La NS) 8S Suen 
CR = 
SASae: (S) ONn 
A ust] 
Po aa 
Fig. 22 © (right). 
eu <¢<0 
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erefore triangle a2S,’S2~triangle a15;/S> 
1 


fr 
vo = Sia e7 (101) 
rying the position of a, on the first arc 
i as with focus at S; shows that ag lies 
the spiral arc with focus at S; and the 
is 
tial magnitude of the spiral arc is Mie% 
ile final magnitude of the spiral arc 
Qtr 
Mye™ . Thus ae lies to the left of the 
gin on the second are of T_ which is 
oor FF. 
Assume the switching point a» lies on 
> mth spiral arc of T_ with focus at 
where » is even. The initial and final 


or 

. . . ay ae 

ignitudes of this spiral arc are fea y 
ner 

d Mie % respectively. Then the sub- 


quent switching interval corresponds to 

=+ Mj, and an+, is obtained by starting 

spiral arc from a» with focus at S; sub- 

eee an angle of z radians as shown in 
x. 21. From equation 100, 


ae 


n=1 kgm 
=(M.+M2) >) 7 
k=1 
Sn=|Sn|+| Sil 
nu—1 kw 


ee BaeltrrA yD 4 ® 7 


ae Legale al 
=e’ (Mit+Ms) >) e7 
K=1 


so 


in 
SiSp ey = S1Sn41 


By construction, 
Bhs 
Sian e® = Ston+1 


angle anSiS,=angle an+1SiSn+1 


Therefore triangle anS,Sn~ 
triangle an+1S1Sn+1 

and 

tr 

Snpiant1=Sron ev 


(102) 


By assumption a, lies on the mth arc PF. 
with focus at S,. Varying the position of 
a, through its allowed range shows that 
Qn+1 lies on a spiral arc with focus at 
Sn+1, the initial and the final magnitudes 
of the spiral ares are 


ate 


Mie i 
and 


cay 
1é ui 


respectively. Thus it has been shown that 
An+1 lies on j Dee 

In exactly the same manner one can show 
that if ea, lies on Ty where m is odd, then 
an+1 lies on T_, and starting with M=— M2 
at +=0-+ one obtains those arcs on I 
corresponding to foci at S,’. This is what 
was. to have been proved. 

In this proof notice that nowhere has 
the fact been used that 1>¢>0, thus, 
setting ¢=0 and —1<¢<0 one gets the 


Optimum Nonlinear Bang-Bang Control 
Systems With Complex Roots 


Il—Avnalytical Studies 


PRAPAT CHANDAKET 


ASSOCIATE MEMBER AIEE 


Y Part I of this paper! methods for the 
synthesis of the optimum nonlinear 
ng-bang control system with complex 
ts was presented. In this, the scope 
d utility of this synthesis are verified 
analytical studies of the dynamic 
ponse capabilities of this systems. 
Both the optimum and compromise 
imum systems were studied. Various 
yes of inputs were applied to these sys- 
ns including steps, ramps, and sinus- 
al inputs. As expected, the com- 
mise optimum systems were slightly 
wer in response than the optimum sys- 
ns. The compromise optimum system 
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is nevertheless nearly as fast as the op- 
timum system, and this results in the im- 
portant conclusion that the compromise 
optimum nonlinear control system can be 
used effectively particularly since in many 
cases system error may be expected to be 
maintained at a small value. 


Study of Optimum and Near- 
Optimum System Responses 


In this paper a second-order nonlinear 
predictor control system will be studied 
in both the optimum and near-optimum 
cases. From this study we shall draw cer- 


switching curves for the undamped and 
negatively damped system as well. The 
switching curve for ¢=0 is the same as 
that of Fig. 15 and the switching curve for 
—1<¢£<0 is shown in Fig. 22. 


The idea of compromise switching 
boundary is interesting. There was some 
work done along this line by Knudsen,’ 
which might supplement the present paper. 
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tain conclusions which will permit us to 
determine a most effective compromise 
boundary for particular problems. The 
Trac analog computer (The Rand Cor- 
poration, Santa Monica, Calif.) was used 
for the entire study. The system 
time responses for both systems were 
studied by using a 4-loop switching 
boundary (Fig. 3) to confirm the results 
that for a system with small damping 
ratio, £=0.2 in this study, the time re- 
sponse of the system using the compromise 
boundary is very close to the optimum 
time response. Finally, the function gen- 
erator was designed to simulate the com- 
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Fig. 1.(A) System 
under study. (B). 
Optimum zero 


switching boundary 
for a=5.0, F=10 


promise switching boundary to make 
possible a study of the system time re- 
sponse for various classes of input, such 
as the step, ramp, and sinusoid. 

The system studied is shown in Fig. 
1(A).. For convenience, let K and wy be 
unity. Then one obtains the following 
equations: 


E(t) +2£é(t)+e(t) =5F (1) 
&(t) +2£€(t)+e(t)=a9—5F (2) 
for 

r(t)=d (3) 


where d@=constant. For all analog stud- 
ies to follow the analog time is based on 


T=5t (4) 
where ¢=problem time. 
EFFEctT OF £ ON I'p and I, Loop 


I’, and I, can be obtained by solving 
equation 2 in the negative time direction 
starting at the origin of the e—é plane. 
With 7r=5t, equation 2 becomes 


25é(7)+10£€(r)+e(7)=a)—5F (5) 


In the negative time direction, equation 5 
becomes 


25é(7)— 10£€(r) +e(r)=a)—5F (6) 


By setting the analog system according 
to equation 6 one obtains I’, and I, on 
the e—é plane as in Fig. 1(B). In this 
study, a is set at 5, F at 10 and the zero 


-100 -90 -80 


-70 -60 


OPTIMUM 
NONLINEAR 
CONTROLLER 


-F 
a ee eres 
s?+2€W,S + Wa 


(A) 


loops are obtained for =0.1, 0.2, 0.3, and 
0.4. It should be noted that to ob- 
tain I’, and I’, in the e—é plane, one must 
plot —5e(r) versus e(7) since the negative 
time direction is used. It can be seen 
that for £=0.1 and 0.2the shapes of 'pand 
I, can be approximated with a fair result 
by a half circle centered at the mid-point 
of the zero-loop limit. 

Next, the effect of a upon I’, and T, is 
recorded for a 2-loop optimum switch- 
ing boundary. For this case £ is set at 
0.2 and F at 10. The obtained opti- 
mum switching boundaries are shown 
in Fig. 2. 


OPTIMUM AND NEAR-OPTIMUM SYSTEM 
TIME RESPONSES 


To study the system time responses for 
the optimum and near-optimum systems, 
a 4-loop optimum switching boundary 
is recorded on the e—é plane. For this 
study ¢ is set at 0.2, F at 10, and a at 5. 
The initial error is assumed at 260. The 
4-loop optimum switching boundary is 
plotted on the e—é plane as shown in 
Fig. 3. It should be recalled (as dis- 
cussed in Part I1) that the compromise 
switching boundary continues from the 
end o fthe zero loops Tn and lp (Tf, and Tp 
are included as part of the compromise 
switching boundary) along the error axis. 
The switching criteria are the same for 
both optimum and near-optimum cases, 


Q(t) 50 


Fig. 2. Two-loop optimum switching boundary for a=2, 5, and 8 
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- controller using an approximate switchi 


tion of the real variable. 


namely, while the present point is aboy 
the boundary, a positive force is applied 
and when it is below the boundary a nega 
tive force is used. On this basis, the sys 
tem time responses for both cases can B 
studied by manual switching. The phase 
plane behavior and the error time e 
sponse are plotted at the same time 
This can be easily done by watching th 
e—é plotter and pressing the “hold 
button when the trajectory reaches th 
boundary, then switching to the opposit 
force. This process is repeated until th 
trajectory reaches the origin. The e 
phase-plane behaviors and the error tim 
response for both cases are plotted in Figs 
3 and 4. 

On the phase-plane plot,* it is diffi 
cult to detect differences between 
compromise phase-plane trajectory ami 
the optimum phase trajectory. On th 
error time response plots (Fig. 4), th 
switching points for both cases are marke 
as 1 and 2. The results show that th 
time required for the optimum systet 
is 11.25 seconds, whereas it takes 11.4 
seconds for the near-optimum system 
From these results, it can be conclude 
that by using the compromise switchin 
boundary the time required is just slightl 
longer than that required in the optimut 
system, and the compromise switchin 
boundary can be used effectively. 


Design of Nonlinear Controller 


It was stated in Part I! that for 
system of low damping, the nonline: 


boundary can be used effectively. It 
the purpose of this paper, and one f 
follow, to study the time responses of tk 
system design based on this principl 
To design a nonlinear controller, 
function generator is generally needeé 
to simulate the switching bounda 
Based on equations 90, 91, and 92 of Pa 
I’ one can find the (approximated) switel 
ing boundary error derivative as a fun 
Using K=wy 
1, one obtains ah 


* The phase-plane plot in Fig. 3 is ee 
half the size of the ota ater s plot. 
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Fig.6. Analog se 
up of a second-orde 
predictor contr 
system (comple 

roots) 


rp (APPROX.), FOR F=25 


pe 


~ 


T, (APPROX.), FOR F=10 


Fig. 7. e—e phas 
trajectories of a cor 
plex second-ord 
system using an ap 
proximated switchin 

boundary 


er ae ie 7 and The analog simulation of the approx 
le| =0 for el FR (8) mate switching boundary is shown in Fig 

| FR\?2 e { FR\ |? (7) 5. The main difficulties in this simt 

y ie i om lel\ 2 Late tion resulted from the square-root cire 


Ve consisting of the high-gain amplifier 1 
aes PR=| P+ e (2) Jarery (9) 45 and the multiplier x, when the e 
le| approaches zero. This will cause an 
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AND 
=10 SIN I/2f 
cit) r(t)=10 
ce) 16 20 
TIME (SEC) 
-4 
-3 
-{2 
fe 
rit) 8 , r(t) 3 c(t) 
AND | r(t)=10 SINT AND 
a LINEN 
° 8 7 
TIME \(SEC) 
+4 
8 


stability in the circuit such that the high- 
gain amplifier output becomes positive at 
its saturation level, which in turn over- 
loads amplifier 18 and multipliers no. 2 and 
4, This effect can be prevented by con- 
necting a diode of high back-resistance 
across the output and the summing grid 
junction of amplifier 45 as shown. 
The over-all system is then constructed 
as shown in Fig. 6 using analog time equal 
to five times the real time. 


Results of Analog Studies 


In this section various classes of inputs 
will be studied for the analog setup in 
Fig. 6. The damping ratio is selected at 
£=0.2 which is the limit of the suggested 
value for using approximated switching 
boundary with satisfactory results. 


First, the e—é phase behavior and - 


the error response time were studied by 
using a step input of 5 with the maximum 
control effort (F) of 10 and 25. The 
error initial condition is assumed at 100. 
The e—é phase trajectories and the error 
time responses are shown in Figs. 7 and 8. 
It can be seen from both plots that oscilla- 
tions in the origin exist due to slight devia- 
tions from perfect switching. The modi- 
fied dual mode control? was not used for 
this study nor for the others to follow. 
It is believed that the use of this concept 
will greatly reduce the oscillatory effect. 
The next study used F=25, £=0.2 and 
the system was assumed in the equilibrium 


100 


Fig. 12. System responses to sinusoidal inputs 


condition at #<0. The results of the 
system responses for various types of 
inputs will be presented. 


PosiTIon INPUTS 


The system time responses to position 
inputs of 5, 10, and 15 are recorded as 
shown in Fig. 9. Oscillating effects re- 
sult for system operation in the vicinity of 
the origin. However, these effects are 
very small and can hardly be seen on the 
plot. Excluding these effects (due to the 
imperfect switching) the system ap- 
proaches the desired input in the same 
manner as in the optimum case. 


VELOCITY INPUTS 


It should be noted that the nonlinear 
controller is designed to give ideal per- 
formance for quasi-stationary? class inputs 
only, which in this case are limited to 
step-type inputs. However, in the non- 
linear controller, the instantaneous loca- 
tion of the input (corresponding to ap) 
is used as a control factor for the error 
correcting process. The input position is 
then limited to KF/w,? at all times. 

The systems responses to r(#)=t, 2¢, 
4i, and 6¢ are shown in Fig. 10, The 
responses to the combination of posi- 
tion and velocity inputs 


r(t)=5+¢ 
and 


r(t)=5+2t 
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fot 


= 10 Sin 1.e7t 


TIME (SEC) 


are plotted in Fig. 11. The steady-st 
oscillations exist in all cases. These 
normal (even with the perfect optim 


N 
MN 


nonlinear controller) since the desires 


inputs are moving and the system & 


give the ideal response only to position 
puts. Therefore, with the velocity 

puts, the error correcting process is ne 
all the time, and this results in the os 


lating effects in the vicinity of the ori 


of the e—é plane. 


SINUSOIDAL INPUTS 


The sinusoidal inputs to be studied ¢ ir 


r(t)=10 sin 0.5¢ 
r(t)=10 sin ¢ 
r(t)=10 sin 1.67¢ 
r(t)=10 sin 2.5¢ - 


be A Ge 


The system time responses to the 


puts are plotted in Fig. 12. Note tha 


the instantaneous position is limite 


to 25 (see equation 16 of Part I). 


all cases studied, the maximum input 


were selected as 10. The system natuf 
frequency is 1 radian/second. The s 


tem responses to cases 1, 2, and 3 


quite satisfactory. For case 4 where 


input frequency is 2.5 radians/second 


system cannot follow the desired ing 
and the amplitude of the system 
greatly reduced. This effect is caused | 


1. Higher derivatives of the input 
not used in the designed nonlinear contro 


2. The demand of these higher derivat' 


May 


input are much greater than the level 
system capacity. 


onclusions 


| From the results of the analog studies 
ne error response of a system using the 
bmpromise switching boundary is slightly 
ower than that of the optimum system. 
is experiment was performed by assign- 
g the initial error in the fourth loop 
73) and the error in the compromise 


Joint Discussion of Paper 


Nos. 60-1266 and 61-79 


. K. Knudsen (University of California, 
etkeley, Calif.): I am surprised that the 
ithors do not refer to the paper ‘“Maximum 
fort Control for an Oscillatory Element.’’! 
is concerned with the derivation and 
mstruction of a bang-bang control system 
t complex roots with no damping. Com- 
ring this with the authors’ paper, Part I, 
e following is noted. 
The authors used identically the same 
yproximation that I conceived, and which 
aS proved to be valid both mathematically 
d practically. This approximation is 
make the switching boundary a straight 
ne outside of the near origin region as 
own in Fig. 17 of Part I of the authors’ 
per. Because of this, and the fact that 
e atithors used a semicircular approxima- 
on to the true switching boundary in the 
ar origin region |e|<FR, the equations 
Scribing the switching boundary, equation 
in my paper and equations 7 and 9 in 
art II of the authors’ paper are very 
milar. In fact, for the case of no damping 
=0), equations 7 and 9 of Part II of 
e authors’ paper and equation 16 of 
y paper are identical in the region where 
|<FR, making the necessary changes in 
tation between the papers. These 
anges are F=1, and a=r. Equation 9 
Part II of the authors’ paper is in error. 
should read: 


= (14 a aa) (1te*/” 
Je| 


he analog simulation of the switching 
andary is performed in both my paper 
d Part II of the authors’ paper by the 
ution of the equation for the approximate 
itching boundary. However, the analog 
mputer program in Fig. 6 of my paper 
Superior to that of Fig. 5 in Part II of the 
hors’ paper because: 


My program used only two multipliers 
no relay, whereas, in the authors’ 
per (Part II), six multipliers and one 
ay were employed. Both programs used 
2 same number of amplifiers. 
A limiter was used in place of a relay 
generate the straight-line portion of 
= switching boundary. This resulted in 
re positive, higher speed action. 


‘his comparison is possible because the 
mputer program in Fig. 6 of my paper 
be modified to give the approximate 
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case did converge nearly as fast as that in 
the optimum case. This results in the 
conclusion that the compromise switching 
boundary, which consists of only I, and 
TI’, loop, and the rest of the error axis can 
be used effectively. Further study shows 
that for a system with very small damp- 
ing ratio (£=0.2), which is found fre- 
quently in practical control systems, the 
switching boundary can be approximated 
by replacing the !,andT,, zero-loop bound- 
aries by perfect half circles. With the 


4 


switching boundary given by equations 7, 
8, and 9 of Part II of the authors’ paper 
without the use of additional components. 
The necessary modifications which must 
be made on Fig. 6 of my paper are: 


1. Increase the gain of the amplifier which 
has a gain of 2 to 1+e$7/7 so that 


Z=(1+e5"/7) |e 


2. Increase the magnitude of 7 in the 
adder, which forms 7+, so that the output 
of the adder is ef*/vF+<. 

3. Change the limits on the output limiter 
(¢ to €) from 2—7 and —2—7 to (1+6)—é7 
and —(1+6)—ér respectively, where 


b=e07/7 


I have experimented with an approximate 
switching boundary different from the 
semicircles centered at &?/2 and &”/2 as 
given in Part I of the authors’ paper. My 
approximation is to replace the optimum 
switching boundary in the region near the 
origin by two semiellipses centered at the 
foci (or centers) of the trajectories which 
occur for positive and negative applied 
force, respectively. These ellipses were 
adjusted so that they were “‘inside” the 
optimum switching boundary. ‘‘Inside”’ 
means that a trajectory traveling toward 
the optimum switching boundary will 
intersect the ellipse before the optimum 
boundary. It was desirable to have the 
approximate switching boundary inside 
the optimum switching boundary because 
in this case trajectories approaching the 
origin were confined inside the approximate 
switching boundary and thus trajectories 
could be made to arrive precisely at the 
origin. The modification of the analog 
computer in Fig. 6 of my paper, necessary 
to produce this elliptical switching bound- 
ary, was simply to change the gain of the 
amplifier which has a gain of (1/2)wn? toa 
gain of k. 

While the elliptical approximation gave 
a very good fit in the vicinity of the origin 
({e|<0.25 FR for ¢=0.2) it failed badly 
outside of this region. It is suggested, 
therefore, that a combination of the semi- 
circular approximation suggested in Part I 
of the authors’ paper and my. elliptical 
approximation be used. This approximate 
switching boundary would have the ad- 
vantage that it would slightly increase the 
rise time of the system to a step input. 

I have eliminated oscillations at the 
origin for the case where the applied force 
to the oscillatory element was limited by a 
saturating amplifier (as opposed to a relay) 
by adding error derivative to the output 


switching boundary designed as described, 
the system time responses to step, ramp, 
and sinusoidal inputs are quite satis- 
factory. 
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of the computer in Fig. 6 of my paper. 
The amount of error derivative to be added 
to the computer output depends on the 
gain in the linear region of the saturable 
amplifier which drives the oscillatory 
element.? 

In conclusion, it is felt that the work 
done in Part II of the paper could have 
been done more efficiently if the authors 
had referred to ‘Maximum Effort Control 
for an Oscillatory Element.’”} 
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Closing Remarks 


Prapat Chandaket and C. T. Leondes: The 
significant area of time—optimal control 
system synthesis has seen considerable 
activity in the past and, if anything, this 
activity seems to be on the upgrade. How- 
ever, in spite of this activity some of the 
more important practical but nevertheless 
exceedingly interesting theoretical problems 
are, at the present time at least, being 
passed by. This is not surprising in view 
of the apparent difficult problems involved, 
for example, such questions as the synthesis 
of time-optimal controllers for random and 
nonrandom inputs to systems with bang- 
bang actuators of nonideal characteristics 
both for 2-port and multiport systems. 
As an applied example there is the question 
of synthesizing such controllers with the 
constraint of most efficient use of energy 
for a satellite attitude control system 
wherein the yaw and roll modes are tightly 
coupled, thus resulting in a 4-port system. 

The results discussed in the papers are 
those obtained as part of a long-range 
program in this area and are in a certain 
sense not of primary interest. They are, 
nevertheless, of considerable practical in- 
terest since they show the manner in which 
a control system of this type would be 
operated, and Part I of our paper con- 
stitutes the first explicit presentation of 
these results. It is interesting to observe 
from Mr. Yin’s comments that he did not 
carry out his derivation in terms of the more 
general and useful result for the control 
problem as presented in Part I. 

A point which is not clear to Mr. Yin is 
that in this paper we are dealing with a 
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quasi-stationary control system,! and as 
such there are very real problems of system 
mechanization which perhaps can best be 
answered with the explicit results before us. 

Mr. Knudsen expresses surprise that 
we did not refer to his paper. There were 
many papers that could have been listed 
as references, but anyone with real interest 
in the field is generally aware of the litera- 
ture in the field. If Mr. Knudsen feels 
offended in any way he should not. 

Mr. Knudsen goes on to comment that 
we use the same approximation he con- 
ceived and which he proved valid mathe- 
matically and practically. His implication 
that he considers such an approximation as 
being somewhat profound is evident. 
Actually, such a step is rather straight- 


forward, and the matter of principal 
interest is study of the trade-off between 
system complexity and dynamic response 
capability. Mr. Knudsen’s statement that 
he has proved the approximation valid 
mathematically is hardly an accurate 
statement. Furthermore he does not con- 
sider at all the more general and actually 
more practical situation of quasi-stationary 
bang-bang control systems with complex 
roots, i.e., roots with a real and an imaginary 
part. Furthermore, from the presentation 
of his paper before the Institute of Radio 
Engineers it was clear at that time that 
Mr. Knudsen was not aware of the necessary 
techniques. 

Finally, Mr. Knudsen states that he 
felt our work would have proceeded more 


efficiently if we had referred to his papé 
Mr. Knudsen has overlooked the fact the 
in our simulation studies we were goin 
back and forth between the optimum systet 
and the compromised optimum system 
and for our more general studies the manne 
in which we proceeded was preferable frot 
our point of view. This comment of 
Knudsen’s is beside the point, since w 
were primarily interested in obtaining vali 
experimental results, and this was certain 
accomplished. 
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Wide-Range D-C 


BYRON JONES 


ASSOCIATE MEMBER AIEE 


Synopsis: Continuous-process machines 
are employed in many different industries. 
Material processed on these machines must 
be handled, moved, and stored. One of the 
most commonly used packages is the reel, or 
roll, because material from this kind of 
package can be quickly unwrapped, proc- 
essed, and then rewound. Several kinds of 
electric drives have been designed to per- 
form the operation of rewinding material. 
This paper will deal with one particular 
class of constant-tension rewind drives. 
Direct-current motor drives are widely used 
for constant-tension rewind stands in which 
the roll being wound is driven by a motor 
attached to its shaft. When the d-c motor 
is controlled by varying its field, it exhibits 
an interesting property which allows for 
very economical drive design as well as 
economical machine design. One of the 
limitations of d-c motor rewind stands had 
been the limited speed range that is possible 
with field control of d-c motors. This paper 
will discuss a means for extending the range 
of a d-c winder drive. 


N MANY CASES a continuous-proc- 
essing machine has positive control of 
the web being processed. When this is 
true, the speed of the web is determined 
by the driving means for the processing 
machine. The processed web must be re- 
wound onto a package that is suitable for 
easy material handling. 
The rewind stand, which picks up this 
material after it is processed by the 
machine, not only must maintain correct 
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Center-Wind Drive 


THOMAS PARE 


NONMEMBER AIEE 


position, so that the web is neither 
stretched nor broken, but also must be 
driven so that the tension in the web re- 
mains constant. Since the web is leaving 
the main machine at a constant velocity, 
and since the tension in the web must also 
be maintained constant, it is obvious 
that the power input to perform the wind- 
ing operation is constant. This relation- 
ship is shown in equation 1. 


P=FV (1) 


where 


P=winding power 
F=web tension 
V=web velocity 

Equation 1 is simply the time integral 
of the well-known force-distance equation. 
A satisfactory constant-tension drive 
could be obtained by maintaining con- 
stant power input to the web. This could 
be done by measuring web tension and web 
velocity, and regulating the drive to 
maintain their product constant. Some 
drives of this type have been used; how- 


MAIN DRIVE 
ARMATURE 
SUPPLY 


Fig. 1. Direct-current-motor 
armature current regulator 
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D.C. 
DRIVE 
MOTOR 


stant power input to the d-c motor. Thi 
is done because of the simplicity of th 
motor control system. 

Basically, a d-c center-wind 


applied to it, maintains constant armatun 
current, and has its speed variation ae 
complished by means of charge in its fiel 
voltage. Fig. 1 shows such a drit 
system. 

The windup drive motor as shown it 
Fig. 1 is powered froma direct-voltag 
source which is common tothe main drive 
As long as the voltage applied to the mait 
drive is constant, the voltage applied t& 
the windup drive will be constant als 
The motor field is controlled by a regul 
tor which maintains constant armatur 
current. The armature current then i 
taken as a feedback signal. 

The action of the system can be de 
scribed as follows: Assume that the wel 
tension, and hence the armature current 
exceeds the value set by the tension refer 
ence voltage. Under this condition, tht 
output of the motor field regulator w 
increase, thus causing the winder driv 
motor back-electromotive force to if 
This causes the armature curren 


crease. 
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Fig. 2. Direct-current-motor dual-range tension regulator 


ut of the winder motor, and hence, the 
sion in the web decreases. For an 
icrease in web tension, the reverse action 
kes place. 

This drive system has two principal 
mitations. The first is that the regula- 
wx acts to maintain input power to the 
indup drive motor rather than to the 
eb itself. The web tension will change 
scause of drive motor and winder me- 
aanical losses. This limitation can be 
vercome by care in the design of the drive 
lotor and winder stand. The second 
mitation is that a field-controlled d-c 
iotor has a limited speed range, partly 
ecatuse at extremely weak fields d-c motor 
mmmutation becomes difficult and motor 
ability is difficult to retain. Practical 
mitation of speed range for field-con- 
‘olled d-c motors is 5 to 1 for small motors 
ad 4 to 1 for larger motors. The dual- 
mge winder described in this paper over- 
mes the second limitation. 


ual-Range D-C Winder Drive 


Improvements in wmaterial-handling 
achinery have permitted the use of big- 
ar packages. This could be accom- 
lished by increasing the core diameter as 
ell as the outside diameter, keeping the 
itio of the two constant. Because the 
ushing forces on the core are very high, 
rge-diameter cores are heavy and ex- 
snsive and so a roll with small inside 
ameter and large outside diameter is 
sirable. To maintain constant web 
locity and tension, the winder drive 
ust operate over a wide speed range. 

To provide a wide-range winder drive, 
ie motor armature voltage is varied 


. motor tension regulator.) A 


if a 10-to-1 buildup is required and motor 
field is varied over a 5-to-1 range, the 
motor armature voltage will be varied 
over a 2-to-1 range. Since the winder- 
motor armature voltage must be varied, 
it must be derived from a generator 
other than the one supplying the proc- 
essing-machine drive motor. Because the 
armature voltage is changing during roll 
buildup, it is necessary to change the 
winder-motor current in order to main- 
tain constant input power. Fig. 2 is a 
block diagram of the system. 

The dual-range tension regulator is 
composed of two closed-loop feedback 
systems. The winder-motor field is sup- 
plied from a regulator which receives 
armature current as a feedback signal. 
(This closed loop is the same as the one 
described previously for the common d-c 
second 
regulator supplies the generator field and, 
hence, the armature voltage to the winder 
drive motor. The feedback to this regula- 
tor is taken from armature voltage. At 
the beginning of the reeling operation the 
winder drive motor must be running at 
high speed, since the roll diameter is small. 
To attain this high speed, it is necessary to 
apply maximum armature voltage and 
minimum field current. At the end of the 
reeling operation the winder drive motor 
must be moving at low speed and so 
minimum armature voltage and maxi- 
mum field voltage must be applied 
to the motor. A signal voltage from the 
motor field circuit is applied to the gen- 
erator field regulator. This causes the 
generator armature voltage to reduce as 
the motor field voltage increases. In this 
manner, the armature voltage is reduced 


POWER-VOLTAGE-CURRENT (PER UNIT) 


2 4 6 foie hee) 
FIELD VOLTAGE (PER UNIT) 


Fig. 3. Calculated power values 


circuit is applied to the motor field regula- 
tor. This signal voltage causes the arma- 
ture current to increase as the field voltage 
increases. In this manner, the conditions 
illustrated in Fig. 3 are obtained. 

As might be expected, the cross-con- 
nection between the two regulators does 
give rise to some drive stability problems. 
It can be seen from the block diagram 
that the only cross-connection between 
the two closed-loop systems is the tie 
between motor field voltage and the input 
to the armature voltage regulator. If 
this signal is passed through a network 
with a fairly long time constant, the two 
regulator loops can be effectively sepa- 
rated and the result is a stable and well- 
behaved drive system. 


THEORETICAL POWER DEVIATION 


The power input to the d-c motor is the 
product of armature voltage and armature 


‘POWER DEVIATION (PERCENT) 


-0 2.0 3.0 
MAXIMUM ARMATURE VOLTAGE 
MINIMUM ARMATURE VOLTAGE 


multaneously with the motor fieldexcita- as the reel diameter increases. Anaddi- Fig. 4. Power deviation as a function of 
m during roll buildup. For instance, tional signal voltage from the motor field armature range 
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current. In the dual range, winder 
armature voltage and armature current 
are changed linearly, and are adjusted so 
that their product at both high and low 
speeds is the same. As might well be 
expected, the product of armature voltage 
and armature current is not constant over 
the entire speed range. This can be seen 
in Fig. 3. Equation 2 shows the per-cent 
deviation from constant power. 


1—K)? 
8K 


% power deviation = ( X100% (2) 


where 


maximum armature voltage 


minimum armature voltage 


As can be seen in equation 2, the per-cent 
deviation of power is determined solely by 
the amount of variation of armature 
voltage. The greater the armature volt- 
age variation, the greater the deviation 
from theoretical constant power. Per-cent 
power deviation as a function of arma- 
ture voltage range is shown in Fig. 4. 
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The derivation of equation 2 is given in 
the Appendix. 

It is possible to eliminate the theoretical 
power deviation by using a multiplying 
device and controlling the output of this 
device to hold constant the product of 
armature voltage and current. This was 
not done on the dual-range winder drive 
because it was felt that the theoretical 
power deviation would not be objection- 
able. This feeling was based on the fact 
that the changes in motor losses cause 
greater power deviation than the error 
due to a straight-line relationship between 
current and voltage. 


MEASURED POWER DEVIATION 


Figs. 5-8 show the dynamometer per- 
formance of two different dual-range 
winder drives. Both of these drives have 
been installed in actual winding applica- 
tions and are performing satisfactorily at 
this time. Fig. 5 shows the input and 
output power of a 10-hp (horsepower) 
winder. This winder has a buildup range 


Fig. 5 (left). Tension characteristics 
for 10-hp winder 


A—At full line speed 

B—At one-half line speed 
C—At one-fourth line speed 
Power input 

—-—-—-— Power output 
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Fig. 7. (right). 
characteristics for 
winder 


A—At full line speed 

1200 B—At one-half line speed 
Power input 
—-—-— Power output 


Tension 
5-hp 
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Fig. 6. Losses for 10-hp motor : 


of 8 to 1, which is accomplished by vary 
ing the motor field over a 4-to-1 range, a 
the armature voltage over a 2-to-1 rangi 
Fig. 5 shows the performance of this driv 
at various values of tension and line spee 
(web velocity). Fig. 6 shows the separe 
tion of losses for this machine when it 
operating at full line speed and full ter 
sion. It is obvious from Fig. 6 that th 
variation in I?R loss is responsible for mos 
of the deviation from constant horse 
power. ; 
Figs. 7 and 8 are performance chat 
acteristics for a 5-hp winder. The buile 
up range for this drive is 6.7 to 1, a1 
this range is accomplished by varying 
motor speed 4 to 1 by field control, an 
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Fig. 8. Losses for 5-hp motor 


‘he effect of J?R loss has been reduced 
n this drive, but this component of loss 
; still responsible for the major deviation 
f motor output power. 

It is possible to correct the drive system 
nd compensate for J?R loss. This was 
ot done because it was felt that cor- 
ecting for J?R loss would add further 
omplexity to the drive regulator. Both 
f these drives are installed and are 
perating quite satisfactorily. The varia- 
ion from constant tension shown in Figs. 
-8 apparently does not cause poor 
inder performance. 


AODIFICATIONS 


Any discussion of constant-tension 
finders would be incomplete unless men- 
ion were made of modifications such as 
apered tension, stalled tension, and in- 
rtial compensation. When winding 
mooth-surfaced webs, the center of the 
oll sometimes slides out from under the 
pper layers of the roll along the axis of 
hecore. This is known as “telescoping.” 
forces directed radially inward on the 
iner layers from the outside layers of the 
round roll are responsible for this condi- 
ion. For this reason it is sometimes 
esirable to reduce the tension as the roll 
uilds up. This modification is called 
apered tension and, on the dual-range 
finder drive, is obtained by simply de- 
reasing the amount of motor field voltage 
ignal which is fed back to the motor field 
ssulator. For tapered tension the arma- 
ire current is not required to build up 
$ much as it does for constant tensicn. 

It is usually necessary to provide tension 
etween the processing machine and the 
inder when the web is not moving. 
talled tension prevents lurching of the 
inder at the instant of starting. On 
inder drives which take armature volt- 
ze from the main machine, a booster 
snerator is necessary to provide stalled 
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tension. Since a separate generator is 
used on the dual-range winder, its voltage 
may be adjusted for stalled tension condi- 
tions. 


Acceleration control in web-handling 
drives is important. Inertial compensa- 
tion is employed to assist in maintain- 
ing constant tension during line speed 
changes. The inertial compensation sig- 
nal is frequently derived from the arma- 
ture voltage of the d-c motor driving the 
main processing machine. This voltage is 
taken through a derivative network, the 
output of which is proportional to the ac- 
celeration of the main machine. The im- 
portance of these control functions cannot 
be overemphasized. The system -may 
function perfectly in the steady-state con- 
dition, but if the web cannot be handled 
during transient conditions, the entire 
drive system is useless. 


Among other interesting modifications 
of this drive is one which allows for con- 
tinuous reeling. This operation is ob- 
tained by using a tipover winding stand 
in which the drive motor powers two 
winding mandrels through a pair of 
mechanical clutches. During winding, 
one of the mandrels is stopped to permit 
changing of reels; the other mandrel is 
firmly engaged to the drive motor. 
Under this condition the drive functions 
as a constant-tension center winder. At 
the time of reel changeover the empty 
mandrel is moved up into position and by 
push-button signal the drive motor is 
switched to speed control. The empty 
mandrel is firmly clutched to the drive 
and accelerated to high speed. The 
mandrel containing the full reel is par- 
tially declutched and this reel continues to 
wind with tension being maintained by the 
slipping clutch. The web is then tagged 
onto the empty mandrel and the drive 
regulator is switched to tension control. 
The full reel is then stopped and while 
winding continues on the other reel, the 
full reel can be taken off the machine. 
In this way a continuous reeling opera~ 
tion is obtained. 

Another modification came about be- 
cause it is frequently desired to wind a 
wide range of web thicknesses and widths 
ona single machine, The winder drive is 
easy to control over a wide tension range; 
however, friction within the mechanical 
parts of the winder frequently leads to 
difficulties on light webs. Because of this 
problem, a windup drive was designed 
which uses normal tension control for 
heavy webs and a dancer-roll-operated 
induction regulator for light webs. In 
this drive the dancer roll was used simply 
as a vernier control of tension. The re- 
sult was a drive system with excellent 
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transient response and stability. The 
performance was noted to be quite a 
bit superior to full dancer-roll-controlled 
drives. ° 


Conclusions 


A drive system has been described which 
will allow constant-tension center winding 
of material from continuous-process ma- 
chines. This drive system has perform- 
ance characteristics which are very similar 
to conventional d-c-motor center-wind 
systems. An extended winding range is 
achieved by varying the armature volt- 
age applied to the d-c motor as well as 
its field voltage. This drive is capable of 
being modified to include all of the usual 
correcting signals. It has a functional 
error in that the product of armature 
voltage and current is not strictly 
controlled. However, it has been shown 
that this effect is not as responsible for 
deviation from constant tension as is 
the deviation of losses within the d-c 
motor. Field experience with the drive 
system described indicates that the 
performance obtained is adequate for most 
reeling applications. 


Appendix 


Nomenclature 


€a=armature voltage 

er=field voltage 

Em =minimum field voltage 

Ey.=maximum field voltage 

e’=field voltage displaced 

Ho=armature voltage at e’=0 

1g = armature current 

Ip=armature current at e’=0 

K= maximum armature voltage 
minimum armature voltage 

P=power 

AP =power deviation 


Derivation 


. Refer to Fig. 3. If these curves were to 
be displaced to the left until the left end of 
the curves was coincident with the y-axis, 


Ero Ero 

Eo 
= K-1 
e 
oh 
[S) 
I 10 
= K 
ly 
S 
5 

6 e’ 


Fig. 9. Deviation construction 
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then the expression for y-intercept of current 
and voltage would be much simpler than at 
present. In equation form, 


e’=erp— Ep; (3) 


The plot of current and voltage versus e’ is 
shown in Fig. 9. The y-intercept of é is 
equal to Ep. 

The slope of ég is 


Ern—Em 


Therefore the equation for eg is 


(4) 


ee eee 
Sn ah Ep2— Ep 


The intercept of zg is J) and the slope of 
iq is 
I(K—1) 
Epo— Ep 
The equation for zg is 


In(K—1) 


a 
Serger Ep—Ep 


(5) 


The power is given by multiplying equa- 
tions 4 and 5. 


Kt 
* ede 
_ eK (14 
Ey—2Em 
Referring to Fig. 3 again, it can be seen 
that the maximum power point can be 
determined by differentiating the power 


equation and evaluating the equation when 
the slope is zero. 


P=Eyly Lee) ) (6) 


Ep = Er 


dP Ful, 1 Ce a 
del ae by Ep.— Em Ep.— Ep; 


i \ ie eat : 
(1S ee (7) 


or when dP/de’=0: 
,K-1 
es 
5 K ( K-1 ) 
Ep—Enm/\Em—En 
'K-1 K-1 
= 142% (SS) (8) 
Ey— Em) \K(Em—Em) 
Simplifying and solving for e’: 


_En—En 
2 


e’ 


(9) 


At this point: 


Kai Gen 
papi." )(14 2 ) 


or 


I 1-058") 
P=£plo as OK 


The change in power from P= Eo is 


(i—K)? 
4K 


AP=Eolo (12 


The per-cent deviation from mean power: 7 


G=KF 
8K 


% power deviation = X100% (18 
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Grounding of D-C Structures and 


Enclosures 


D. C. HOFFMANN 


MEMBER AIEE 


HE GROUNDING of supporting 

structures and enclosures for d-c power 
circuits and apparatus has been a con- 
troversial subject ever since metal- 
enclosed power rectifiers and switch- 
gear came into use in the electrochemical 
and other industries. Many users of d-c 
equipment naturally followed the well- 
established a-c practice of solidly ground- 
ing enclosures through a low-resistance 
conductor. Relatively few of these equip- 
ments included sensitive grounding pro- 
tective relays. Many cases of serious 
injury and damage due to ground faults 
that might have been avoided by the use 
of grounding protective relays are re- 
corded in an earlier paper. 

As early as the 1920’s, the transporta- 
tion industry, recognizing the disad- 
vantages and dangers of low-resistance 
grounding, insulated the metal sup- 
porting structures of d-c switchboards 
from ground. For many years it was the 
practice to ground the frames of 600-volt 
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rotary converters and generators through. 


a low-resistance ground relay for flash- 
over protection. In 1957, an AIEE sub- 
committee recommended high-resistance 
grounding of enclosures for certain 
applications.! Several National Elec- 
trical Manufacturers Association 
(NEMA) standards touch lightly on the 
subject of low-resistance versus high- 
resistance grounding. In recent years, 
most users of d-c equipment for electro- 
chemical service rated above 300 volts 
have grounded the enclosures through 
either low-resistance or high-resistance 
grounding protective devices. 

The purpose of this paper is to present 
the advantages and disadvantages of high- 
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and low-resistance grounding of d-c struc. 
tures and enclosures and to set forth guid 
rules for use in the design of new installa 
tions. _— | 


General Considerations 


By d-c structures and enclosures is 
meant the metallic support, frame, ©: 
enclosure for power rectifier, rotary con 
verters, generators, and d-c switch 
gear for power rectifiers, rotary com 
verter, generator, and feeder circuits, 
including bus ducts and transition com- 
partments close-connected thereto. 


STANDARDS : 

NEMA standards?—4 and the AIEE! 
have made recommendations on 
grounding of structures and enclosure 
but have left many questions unanswered. 
Some of the recommendations follow.. 


From NEMA SG5-5.02:2 


Structures housing single-polarity direc 
current circuits 275 volts and above shall 
ungrounded. : 


It is recommended that they be connect 
to ground only by protective or indicati 
devices of relatively high resistance. 


From NEMA 222-1952:3° 
Structures housing single-polarity direc 


current circuits shall be designed for gro 
ing through protective Device No. 64, _ 


May 19 


3 


«<S 
> 
> 


426 64M 
es et neat se 
TRIP. ALARM 


Example of high-resistance ground- 
ing of indoor equipment 


et. 


—Four physically separate electric connec- 
tions 

Grounded conduit or bus duct not in pro- 

tected zone 

Insulation oversize to insure ample creep- 
age 

Bus duct in protected zone (connected to 

switchgear but insulated from ground) 

Insulation thick enough to insure ample 

creepage 

Fault between power circuit and enclosure 

4—High-resistance instantaneous hand-reset 

; ground relay 

4MM—Monitor relay 


From NEMA 222-1952:4 


When insulated structures are in a con- 
nuous line-up with grounded structures, 
ey should be properly insulated from the 
ounded structures in the same line-up. 


From AIEE Committee Report! 


is strongly recommended that] metallic 
ctures of d-c power and control circuits 
(a) insulated from ground and (b) 
ounded through a relatively high-resist- 
ce ground relay no. 64 when 1. the rated 
rect voltage is 275 and over (optional on 
wer direct voltages), and 2. when one 
blarity of the d-c circuit is grounded. 


NGLE-POLARITY AND DUAL-POLARITY 
EQUIPMENT é 


Large mercury-arc power rectifier equip- 
ents used for electrochemical processes 
ually employ the single-way circuit; 
nce the enclosures house only the posi- 
e polarity power circuit. The NEMA 
andards referred to in the preceding 
tion refer to structures housing single- 
larity d-c circuits. However, silicon 
ywer rectifiers now coming into general 
e for electrochemical processes usually 
aploy the double-way circuit. Hence, 
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the enclosures house both positive and 
negative polarity power circuits. It will 
be understood that the discussions herein 
apply to d-c structures and enclosures for 
both single-polarity and dual-polarity 
equipment. 


GROUND-FAULT PROTECTION OF 
ENCLOSURES 


The grounding of d-c structures and 
enclosures through a protective device of 
some sort is no longer questioned by most 
users, as ground-fault protection is recog- 
nized as a necessary or desirable function. 
The question that has not been resolved 
is whether the enclosure should be 
grounded through a high-resistance or a 
low-resistance protective device. The 
two schemes should be reviewed and 
understood before the advantages and 


. disadvantages of each are considered. 


Fig. 1 shows a typical metal-enclosed 
d-c switchgear unit rated 600 volts in- 
sulated from ground and from close-con- 
nected grounded units. A sensitive high- 
resistance grounding protective relay 
device 64 is connected between enclosure 
and ground in series with the coil of a 
circuit monitor relay 64M. The monitor 
current is supplied from an auxiliary a-c 
source through a stepdown transformer, 
rectifier, and adjustable resistor. De- 
vices 64 and 64M have a total resistance 
of 500 to 2,000 ohms, depending on the 
manufacturer. Such protective equip- 
ment is described in an earlier paper.! 

Normally the enclosure is substantially 
at ground potential, the actual voltage 
being that of the monitor circuit, about 
25 volts d-c. If a fault develops between 
the d-c power circuit and the enclosure, 
such as at X, the potential difference 
between enclosure and ground will rise 
immediately to nearly 690 volts, the 
actual value depending on the resistance 
of the fault. This potential difference is 
applied to the ground protective relay 64 
and if the potential difference is 30 volts 
or more, 64 operates instantly to clear 
the fault by tripping all of the circuit 
breakers and shutting down the source 
of d-c power. The fault current is 
limited to about 1 amp (ampere) or less; 
hence there is practically no damage, no 
burning, and no flashing. 

While Fig. 1 illustrates the condition of 
a fault between a power bus and the en- 
closure, equally effective protection is 
provided against faults between the en- 
closure and control wiring or devices 
connected to the power circuit. This is 
especially true in the case of excitation de- 
vices and auxiliary circuits in power recti- 
fier equipments. 

Fig. 2 shows the same metal-enclosed 
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Fig. 2. Low-resistance grounding of indoor 
or outdoor equipment 


64—Low-resistance instantaneous hand-reset 
ground relay 
74—Auxiliary power failure alarm relay 


switchgear unit connected to ground by 
means of a low-resistance conductor pass- 
ing through window-type a-c and d-c 
current transformers. Sensitive instan- 
taneous overcurrent relays 64 are con- 
nected to the secondary winding of each of 
the current transformers. The relays, 
set to pick up at as low as 20-amp a-c or 
10-amp d-c primary ground-fault current, 
are connected to trip all circuit breakers 
supplying power to the equipment. The 
alarm relay 74, for indicating loss of a-c 
supply to the d-c current transformers, is 
optional, 

Normally the enclosure is at ground 
potential. If a fault develops between 
the d-c power cireuit and the enclosure, 
a heavy fault current will flow, the magni- 
tude of the current depending on the total 
resistance in the path of the current. The 
current may approach short-circuit mag- 
nitude, resulting in considerable flashing, 
spreading, and burning during the opera- 
ting time of 64 and interrupting time of 
the circuit breakers. A considerable po- 
tential difference may exist between the 
enclosure and surrounding grounded ob- 
jects during the fault unless the grounding 
system has been carefully designed to pre- 
vent such potential differences under all 
conditions. 


Comparison of High- and Low- 
Resistance Grounding 


In the following discussion, it is 
assumed that the d-c system is grounded 
either intentionally for normal operation, 
or unintentionally owing to a ground fault 
external to the enclosure. 


PERSONNEL SAFETY 


If the enclosure is grounded through a 
low-resistance path and a short circuit 
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develops between the enclosure and the 
ungrounded polarity of the d-c power 
circuit, personnel may be endangered by: 


1. A high-current power arc, which may 
cause severe burning of persons in the im- 
mediate vicinity. 

2. A brilliant flash, which may cause 
fright and temporary blindness. 


3. Flying objects, such as glass from an 
exploding instrument, splattering of hot 
metal, and the like. 


4. High enough voltage between enclosure 
and ground to cramp muscles, making it 
impossible for the victim to free himself. 
Even though the resistance is low, the 
ground-fault current may be high enough 
to produce dangerous voltage differences 
between enclosure and ground in an im- 
properly installed or maintained grounding 
system. 


5. Consequential ‘injury, such as broken 
bones and bruises due to fright, attempt to 
escape, or sudden release of cramped muscles, 
causing victim to fall or to strike other 
objects. 


All five of the personnel hazards listed 
may exist during a ground fault in an 
enclosure grounded through a low resist- 
ance, whether or not a protective relay 
is used. However, if the enclosure is 
grounded through a high resistance, 
hazards 1, 2, and 3 cannot exist because 
there is no power arc. The only hazards 
are 4 and 5, and even in the case of 5, 
the danger is less because there is no 
flash, arc, or hot metal. 

It should be noted further that in the 
case of the low-resistance grounded en- 
closure, personnel anywhere in the im- 
mediate vicinity of the unit is exposed to 
all of the hazards listed except 4, whereas 
in the case of the high-resistance grounded 
enclosure, a person must be in a definite 
position to be injured, ie., bridging a gap 
with his body between the enclosure and a 
grounded object. The chances of this 
occurrence are small because in most 
installations the floor covering is insu- 
lating material such as rubber matting, 
and clearance to nearby grounded objects 
is ample, or the objects are covered with 
insulation. 


DAMAGE TO EQUIPMENT 


In high-resistance grounding, the fault 
current is limited to about 1 amp or less, 
which means that there is practically no 
damage to wiring, components, or equip- 
ment. Repairs may be made at very 
little cost and the unit can be restored to 
service quickly after the fault condition 
has been removed. 

In low-resistance grounding, the fault 
current is high enough in most cases to 
do some damage in the 5 or 6 cycles re- 
quired for the relays and circuit breakers 
to operate. Components and wiring may 
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require complete replacement. Steel 
panels, structural members, and copper 
bars may be deformed or burned, requir- 
ing extensive repairs or replacement. 
Such repairs may be costly and the unit 
may be out of service for a long time. 


EASE OF INSTALLATION 


For either low- or high-resistance 
grounding protection, the protected unit 
must be insulated from building steel, 
conduits, bus ducts, transformers, water 
pipes, air lines, ventilating ducts, and all 
other grounded metallic objects. Bus 
ducts may be included in the protected 
zone by insulating them from grounded 
metal and connecting them electrically to 
the protected enclosures, as shown in Fig. 
1. All of this is relatively easy to ac- 
complish in the case of low-resistance 
grounding because the voltage across the 
insulation is low and because any acci- 
dental connection bridging the insulation 
would have to be extremely low in resist- 
ance to bypass effectively the low-resist- 
ance protective circuit. 

In the case of high-resistance ground- 
ing, greater care must be taken in both the 
design and installation because the insula- 
tion may be subjected to rated voltage 
and because a relatively poor accidental 
connection bridging the insulation can by- 
pass the protective circuit. Even though 
the ground relay itself may not be ren- 
dered inoperative, the monitor is adjusted 
to sound the alarm if the total resistance 
between enclosure and ground is reduced 
to a predetermined lower value. Four 
physically separate electric connections 
must be made at points A, B, C, and D of 
Fig. 1, to insure complete monitoring. 

The installation should be designed so 
that a man cannot contact with his body 
the enclosure and a grounded metallic 
object at the same time. There should be 
ample clearance between the enclosure 
and building steel or other metallic ob- 
jects, or such nearby grounded metal 
should be covered with insulation. In 
accordance with good station practice, 
the floor around the enclosure should be 
covered with rubber mats or the equiv- 
alent. 

Special precautions must be observed 
in the case of water-cooled power rectifiers 
with water-to-water heat exchangers 
because the water columns can form con- 
ducting paths to raise the potential of 
the enclosure above ground or to bypass 
the grounding protective relay, depend- 
ing on the arrangement. The circulating 
cooling water in the rectifier is at recti- 
fier potential and the raw water supply 
and return pipes are at ground potential. 
The conductivity of the water, though 
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- columns then can neither raise the @& 


normally low, is variable, and could he 
come high enough to cause operation ¢ 
the ground relay or monitor relay, thi 
creating a maintenance problem. EI 
pending on the location of the insulatin 
hoses, the heat exchanger could be @ 
rectifier potential, enclosure potential 
ground potential, or floating. 

Considering only the requirement 
of the high-resistance grounding protee 
tive scheme, any arrangement in whiel 
the heat exchanger is insulated from the 
enclosure is satisfactory. The wate 


closure potential nor bypass the insulati¢ 
between enclosure and ground. If fh 
heat exchanger is at rectifier potential, 
is protected against ground faults the 
same as is the power circuit. If it i 
grounded, it need not be a hazard insid 
the insulated enclosure because it can be 
and usually is, in a separate compartmen 
from the rectifier. 


IT 


MAINTENANCE 


High-resistance grounding requires 
more maintenance than low-resistance. 
grounding. It is easier to bypass # 
high-resistance circuit. : 

The insulation between enclosure anc 
ground may be bridged accidentally by a 
accumulation of conductive dirt or dust 
iron filings, metallic sweepings, nat 
from building operations, spilled or leak 
ing liquids, etc. | 

Gradual changes in the insulation f 
tween enclosure and ground may requir 
occasional readjustment of the monitor- 


grounding protective relays either con: 
tinuously or periodically. About all tha 
can be done is to monitor the a-c supply to 
the d-c current transformer with an under- 
voltage alarm relay 74, as shown in Fig. 2. 


Conclusions 


Taking into account the advantage 
and disadvantages of high- and low-resist- 
ance grounding, the following rules are 
listed, which may be used as a guide in the 
design of new installations of d-c system 
with different ratings, designated as cases 
1, 2, and 3. 


Case 1. D-C Systems Rated Above 30 
Volts 


Conditions: 


One of the power conductors in- 
ionally connected to ground through a 
resistance connection. 


Structures and enclosures to be located 
ors in a dry place. 


Access limited to authorized personnel. 


Ji d-c structures and enclosures should 
nsulated from ground and from other 
e-connected units. All such insulated 
ictures and enclosures should be con- 
ted to ground through one or more 
a-resistance ground detector relays 
h as described above, and arranged 
lisconnect all sources of power upon 
occurrence of a fault between the 
ver circuit and the structure or en- 
sure. 
Vhile case 1 applies especially to rapid 
nsit and main-line haulage transporta- 
1 systems, it also applies to those elec- 
chemical systems in which the mid- 
nt of the cell line is intentionally 
unded through a  current-limiting 
stor that would permit relatively large 
und-fault currents to flow. 


se 2. D-C Systems Rated Above 300 
lis 
nditions: 


No power conductor 


unded. 


intentionally 


Characterized by unintentional grounds 
varying magnitudes in varying locations. 

Structures and enclosures to be located 
oors in a dry place. 


Access limited to authorized personnel. 


The method of grounding should be 
ional with the purchaser or user. The 
ommendation would be the same as in 
e1. The alternative is to ground the 
uctures and enclosures through d-c and 
, current transformers with instantane- 
; overcurrent relays as shown in Fig. 2. 
yst electrochemical equipments are in 
S category. 


se 3. D-C Systems of Any Voltage 
ting 

nditions: 

intentionally 


No power conductor 


unded. 


ower conductor grounded through a 
-resistance (such as a ground detector), 


Structure or enclosure to be located 
doors or in a normally damp place, or 


Unlimited access, such asin factory areas» 
lic places, etc. 

structures and enclosures should be 
dly grounded through d-c and a-c 
rent transformers with instantaneous 
ent relays as illustrated in 


we. 
amples of case 3 are equipments for 
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steel mill main drive, general industrial 
power supplies, field excitation, and press 
drives, and all units located outdoors or in 
damp places. 


GENERAL CONSIDERATIONS 


The grounding protective relay 64 
should trip all circuit breakers that can 
supply current to the protected unit, in- 
cluding outgoing feeder breakers and, in 
the case of rectifiers, the transformer 
primary breaker. Rotating, machines 
should be shut down. 

A circuit monitor is required in every 
case in which a high-resistance ground 
detector relay is used. The monitor relay 
64M should sound a local and remote 
alarm and light a conspicuous local indi- 
cating lamp if the ground detector relay 
becomes inoperative because of the pres- 
ence of an open circuit or a bypass cir- 
cuit, or loss of a-c supply. 

High-resistance grounding of d-c gen- 
erators and motors is generally not 
feasible because it is difficult to insulate 
the frame of the machine from the prime 
mover or load. Motor-generator sets 
can be protected by high-resistance 
grounding protective relays as illustrated 
in Fig. 1, if driven by a low-voltage motor, 
and there is otherwise no objection to 
insulating the motor frame from ground. 
Motor-generator sets can also be pro- 
tected by the low-resistance grounding 
protective relays shown in Fig. 2. High- 
resistance grounding provides excellent 
flashover and winding failure protection 
for rotary converters. 

High-resistance grounding should not 
be used in a location to which access is 
unlimited or in which frequent changes 
are made in the surroundings. For ex- 


‘ample, an equipment in an open factory or 


other working area may become a main- 
tenance problem because the floor cannot 
be kept insulated, clean, and dry, and be- 
cause metallic objects may be placed 
against or close to the enclosure tem- 
porarily or permanently. 

High-resistance grounding should not 
be used in outdoor, exposed, or normally 
damp locations because it is difficult to 
provide and maintain a dry insulated floor 
area around the unit for personnel. Even 
the low monitor circuit potential of 25 
volts might be uncomfortable if hands 
and feet are damp. 

Although a-c switchgear can be pro- 
tected by the high-resistance grounding 
method described, it seldom meets the re- 
quirement of being in a location where ac- 
cess is limited to authorized personnel. 
High-resistance grounding of a-c switch- 
gear therefore is not generally recom- 
mended. 
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Appendix. Case Histories 


The following case histories of recent 
actual occurrences are presented in the words 
of the contributors, several large users of d-c 
equipment for aluminum reduction and 
other electrochemical processes. 


Solidly Grounded Enclosures Without 
Grounding Protection 


Conditions: Potline voltage of 750 volts 
with mid-point grounded through a 100- 
amp circuit breaker. 


1, A flashover occurred as an electrician 
was replacing a fuse in a 2-pole fuse block 
mounted in a grounded metal box. The fuse 
block was connected to a 7,500-amp shunt 
in a 750-volt rectifier bus. Accidental con- 
tact of the fuse with the metal box caused 
grounding of rectifier bus. A d-c are oc- 
curred that was cleared by burn-up of the 
wiring. The electrician received second- 
degree burns on one hand. 


2. A cathode bus arced to 250 volts d-c 
control wiring of a cathode breaker. The 
battery circuit flashed to ground at the 
battery charger panel and also in an 
auxiliary relay on the rectifier switchboard. 
The glass cover was blown off the relay. 
The fault was cleared by burn-up of the 
wiring on the cathode breaker. The arcing 
on the various pieces of equipment and flying 
glass from the cover endangered operating 
personnel. 


8. Flashover in a firing cubicle occurred 
during a lightning storm. The cubicle was 
solidly grounded and considerable damage 
occurred owing to the d-c feed from the 
rectifier. To minimize production loss, the 
entire firing cubicle was replaced with a 
spare and then was completely rewired ata 
later date. 


4. Following an arc-back, a fire occurred in 
an excitation cubicle. Although all a-c 
power was disconnected, and d-c power was 
disconnected from all sources other than 
through the transformer from the negative 
bus, the fire persisted in burning. A 
number of COs fire extinguishers were used in 
an attempt to extinguish the fire, but it was 
not extinguished until a ground fault had 
burned clear in the cubicle. The cubicle 
was damaged to such an extent as to merit 
replacement rather than an attempt to re- 
pair in place. 


Low-Resistance Grounded Enclosures 
Protected as in Fig. 2 


Conditions: Potline voltage of 750 volts 
with no intentional ground on the system. 


5. Line relayed off on both a-c and d-c case 
ground. A burned spot was found on an 
anode bus support. It was surmised that 
some foreign object had grounded the bus, 
although none was found. No repairs were 
necessary. (This operation occurred in the 
first month of operation, during which 
time considerable difficulty was experienced 
with anode breakers.) 


6. Line relayed off on a-c case ground. A 
control transformer supplying anode breaker 
holding cool rectifiers had failed. The 
transformer and some associated metallic 


109 


rectifiers and resistors were ruined and re- 
quired replacement. 


7. Potline relayed off on d-c case ground. 
A firing reactor had failed intternally. The 
reactor and associated metallic rectifiers 
were ruined as a result and required re- 
placement. 


8. Potline relayed off on d-c case ground. 
The saturable reactor in the d-c case ground 
circuit had failed. The reactor was re- 
placed. (This was an operation due to 
ground detector circuit failure, not one 
caused by the resulting fault. ) 


9. Potline relayed off on d-c case ground. 
A firing reactor had faulted to ground. 
Damage was confined to the reactor, which 
was replaced. 


10 through 14. Same as or similar to case 
9. 


15. Potline relayed off on a-c and d-c 
case ground. The distilled-water connection 
at the top of an ignitron tank had come loose, 
spilling water on the frame and causing an 
anode bus to flash over to ground. The 
damage was minor, involving insulators, 
firing wiring, and capacitors mounted on 
the rectifier tanks, and required some clean- 
up work. 


16. Potline relayed off on a-c and d-c case 
ground. An excitation transformer had 
failed. Damage was confined to the trans- 
former, 


17. Sameascase 15. 


Contributor’s additional comment: ‘‘The 
case ground protection has operated a num- 
ber of times to clear faults which were 
usually in auxiliary circuits. Inno case has 
damage due to such faults been extensive, 
and it usually has been confined to the com- 
ponent whose failure created the fault in 
the first place.” 


High-Resistance Grounded Enclosures 
Protected as in Fig. 1 


Conditions: Potline voltage of 750 volts 
with mid-point grounded through a 100-amp 
circuit breaker. 


18. Man who was checking in a cubicle let 
one end of test lead drop to cubicle steel; 
the other end was connected to the cathode 


Discussion 


R. P. Stratford (General Electric Company, 
Schenectady, N. Y.): The author has 
presented the subject of d-c structure and 
enclosure grounding in a very clear and 
concise manner. However, we _ believe 
that a few points should be added or 
emphasized. 

The first concerns insulation. How much 
is required on an enclosure? What ma- 
terials should be used? What voltage does 
it have to withstand? What Megger 
value is acceptable? 

Second, the paper states that motor- 
generator sets driven by low-voltage 
motors can be protected by high-resistance 
grounding protective relays. It would be 
helpful if an explanation of “low voltage” 
were given as well as why other “high- 
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bus. ‘The rectifier tripped owing to resist- 
ance grounding relay action. Had cubicle 
been solidly grounded, man would probably 
have received a severe flash burn. No 
damage occurred to the equipment. 


19. A metal retainer ring on the fingers of a 
drawout anode breaker broke and fell, estab- 
lishing a path from anode bus to the cubicle 
enclosure. The rectifier tripped by ground 
relay action and negligible damage occurred. 
Damage would probably have been ex- 
tensive with a solidly grounded cubicle. 
(Potline voltage assumed by author to be 
in 750-volt class. System assumed to be not 
intentionally grounded. ) 


20. Ionized gas path to ground created at 
anode breaker cubicle resulting from one 
pole and the cathode breaker interrupting 
approximately 100,000 amp, which occurred 
when all breakers cascaded out because of 
accidental loss of d-c control power. 


Outage times: Potline no. 1, 14 minutes; 
one rectifier frame, 55 minutes. 


Damage: None due to ground. Usual 
maintenance required on contacts and arc 
chute after severe interruption. 


Comment: Solid cubicle grounding un- 
doubtedly would have resulted in extensive 
damage and prolonged outages. 


21. Short circuit from firing circuit phas- 
ing reactor to cubicle occurred when return- 
ing a rectifier transformer to service. Both 
a-c and d-c windings were short-circuited to 
the frame. 


Outage time: Potline no. 2, 2 minutes. 


Damage: None due to ground; faulty 


reactor was replaced. 


Comment: Damage to other components 
and wiring nearby might have resulted with 
a low-resistance cubicle ground system. 


22. Accidental short-circuiting of firing 
circuit leads to cubicle while two capacitors 
were being interchanged for test. 


Outage times: Potline no. 1, 25 minutes 
Potline no. 2, 26 minutes. 


Note that the major portion of these out- 
ages was due to other causes, not the trouble 
mentioned above. 


Damage: None. 


¢ 


voltage’ motors would not receive better 
protection from a high-resistance grounding 
relay. 

Third, in most electrochemical installa- 
tions that use rectifiers, the high-resistance 
grounding relay is essential for protective 
relaying when d-c circuit breakers or main 
d-c fuses are not used. Without the 
relay, if a fault develops between one 
polarity and ground in the rectifier it is 
possible to remove the a-c source by the 
power circuit breaker, but there is no 
means of interrupting the cell line current 
which will continue to flow until the cells 
no longer act as a battery. With the 
high-resistance grounding relay, the fault 
current is limited to the order of 1 amp 


and the ground is removed when the relay 


operates so that the disconnecting switches 
can be operated without endangering the 
personnel. 
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Comment: Bodily injury to the 
could have resulted from are with a’ 
resistance grounding system. 


23. Potline outage caused by accid 
making up a relay trip circuit when | 
relay was being removed for mainten 
purposes. 
i 


Outage time: Potline no. 2, 2 minu 


None. 


Comment: The same thing could 
happened with a low-resistance grou 
system. 


24. Accidental short-circuiting of a fi 


circuit capacitor to ground by maintenan 
man. 


Damage: 


j 


Outage time: Potline no. 2, 3 minute 


None. 


Comment: Possibility of damage 
equipment and injury to man with a ke 
resistance, grounding method. 


Damage: 


25. Failure of phase shift reactor coil kk 
to control cubicle. 


Outage time: Potline no. 2 off 1 minute 
initial trouble and another minute in find; 


the cause. Rectifiers were off for 8 hot | 
32 minutes. | 
Damage: None due to ground. Fat 


phase shift reactor was replaced, and } 
repaired. 


Comment: Not likely that the r 
could have been repaired with a 
resistance grounding system; other 
ponents and wiring might have been d 
aged. 
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Last, it should be emphasized that t { 
monitoring of ground circuits is a re t 
and sensitive method of detecting faults b 
care during installation is of the utmc 
importance. It is essential that, 
insulating the structure or enclosure, 
either be grounded through the protecti 
telay or grounded solidly with curt 
transformers and relays to monitor 
circuit. Under no condition should 
structure or enclosure be left in an 
grounded condition. 


Stuart N. Lovelace (Kaiser Aluminum 
Chemical Corporation, Berkeley, Cal 
This paper provides well-organized gen 
recommendations for the grounding of 
structures and enclosures. The rec 
mendations for ground-fault protection 
d-c equipment supplying solidly groun 
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stems (case 1) and ungrounded systems 
use 3) should receive general acceptance. 
1¢é recommendations for unintentionally 
ounded systems (case 2), as characterized 
- electrochemical cell lines, may also be 
nsidered acceptable because they permit 
é user to choose either of the grounding 
sthods described. 
The paper indicates that high-resistance 
ounding is the preferred method because 
is claimed to be safer for personnel and 
uipment. I would like to re-examine 
e comparisons which led to this preference, 
nsidering only enclosed d-c equipment 
plied to systems similar to electro- 
emical cell lines which are not inten- 
mally grounded. Such systems are 
aracterized by unintentional grounds of 
rying magnitude and location. Available 
ound-fault current at the d-c equipment 
usually quite limited because of re- 
tance in the unintentional grounds on 
e system. With the trend to enclosed 
miconductor rectifiers on electrochemical 
ll lines, this combination of enclosed 
itchgear and unintentionally grounded 
stem will probably become the most 
evalent one. It is also likely to be the 
ost controversial one in regard to equip- 
ent grounding. 


2c HAZARDS 


Personnel hazards due to power arcs 
sre attributed to low-resistance grounding. 
‘tually, since all live parts are enclosed, 
wer arcs can only originate inside the 
closure. With reasonable enclosure de- 
m and with fast clearing of the fault, it 
very unlikely that personnel will be 
posed to the arc at all. With high- 
sistance grounding, however, external 
shover of the enclosure ground insulation 
iring a fault becomes a possibility. This 
yuld expose personnel to arc hazards. 


<PLOSION HAZARDS 


Hazards due to flying objects such as 
uss from an exploding instrument, or 
lattering metal, were attributed to low- 
sistance grounding. Internal failure of 

instrument solidly connected to the 
wer circuit could, indeed, produce flying 
uss. However, the ground-fault current 
ailable within exposed instruments or 
ays can, and should, be held to safe 
lues by isolating or current-limiting 
vices. Splattering metal and similar 
bris should be contained by the enclosure. 
her explosion hazards should be slight 
cause of limited fault current and fast 
it clearing. 


OcK HAZzARDS 


The paper states that enclosures with low- 
istance grounding may reach dangerous 
tentials during faults. The main purpose 
low-resistance grounding is, of course, 
prevent this. It is difficult to imagine 
realistic combination of unintentional 
tem ground and equipment fault which 
wuld produce much potential across a 
yperly installed low-resistance ground 
mection. This hazard for low-resistance 
winding must be discounted as practically 
aexistent. 

With high-resistance grounding, however, 
. enclosure may be raised to potentials 
high as the system voltage under some 
\ditions. If we use Dalziel’s proposed 
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criterion of [7t=0.054 for a d-c impulse,! 
then with 6-cycle fault-clearing time we 
atrive at 735 milliamperes as a potentially 
fatal shock current. Assuming the con- 
ventional body resistance of 500 ohms, 
this current would be produced by 368 
volts. For 60-cycle impulse shocks, which 
might occur on rectifying equipment, the 
established criterion is J#t=0.027.1 With 
6-cycle fault duration and 500-ohm body 
resistance, a 260-volt a-c shock might be 
fatal. The hazards resulting from physical 
reaction to shock would, of course, occur 
at lower voltages than the potentially fatal 
ones. 

It is evident that the enclosure potentials 
permitted by high-resistance grounding are 
dangerous. For safety it is necessary to 
treat the enclosure as though it were at 
high potential at all times. Even so, this 
is not as safe as an enclosure which can be 
considered grounded at all times. 


EQUIPMENT DAMAGE 


The amount of damage produced by a 
fault depends, to a great extent, on the 
energy released. With fast clearing and 
with moderate fault current, the damage 
is not likely to involve much more than the 
component whose failure causes the fault. 
This has been the experience in the case 
histories for sensitive low-resistance ground- 
fault protection which were cited in the 
paper. With high-resistance grounding the 
failed component must also be replaced or 
repaired. 

It should be emphasized that low- 
resistance d-c and a-c case-ground pro- 
tection must be sensitive. This permits 
detection and clearing of light or incipient 
faults before they spread and cause un- 
necessary damage. Sensitive d-c case- 
ground protection is of fairly recent origin. 
I believe it was first developed to meet 
specifications for enclosed rectifier equip- 
ment purchased by the General Electric 
Company in 1956. 


INSTALLATION 


The need to isolate or insulate-around 
high-resistance-grounded enclosures in- 
creases installation problems and costs. 
This need does not exist for low-resistance 
grounding. Where. roll-out switchgear is 
involved, it is particularly advantageous 
to omit rubber matting from the floors, 
and low-resistance grounding makes this 
possible. 

In order for low-resistance case-ground 
protection to be effective, the fault must 
be quickly cleared from all sources. This 
requires switchgear capable of interrupting 
the maximum forseeable fault current. 
Fault-clearing requirements to make high- 
resistance case-ground protection effective 
are not so stringent, although delay in 
clearing does make enclosure potentials 
more dangerous. Under some conditions, 
however, the high-resistance method may 
permit a significant saving in switchgear 
requirements. For example, it may some- 
times allow omission of circuit breakers 
which would otherwise be necessary to 
clear faults from the battery electromotive 
force of a cell line. 


CONCLUSIONS 


Sensitive low-resistance a-c and d-c 
case-ground protection provides excellent 
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. are other considerations. 


safety to personnel. MHigh-resistance case- 


. ground protection permits enclosure poten- 


tials which can produce fatal shock, but 
the method can be made safe by suitable 
insulation, isolation, and operating prac- 
tices. Ground-fault damage with low- 
resistance protection may be greater than 
with high-resistance protection, but the 
amount of repair work required is not likely 
to be much greater. Installation of low- 
resistance grounding is usually simpler and 
less costly than high-resistance grounding. 
For these reasons I believe that the tradi- 
tion of effectively grounding metal enclo-- 
sures should be maintained, and the low- 
resistance grounding method should be the 
preferred one. Under some circumstances 
high-resistance grounding may offer sub- 
stantial cost savings due to reduced fault- 
clearing requirements. It might then be 
considered acceptable provided that en- 
closures are treated as though they were 
energized. 
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D. C. Hoffmann: Mr. Stratford has raised 
several interesting and important questions 
which I will attempt to answer. First, the 
amount of insulation is determined more 
by mechanical than by electrical considera- 
tions. Under normal conditions, only 
about 25 volts d-c is impressed across the 
insulation, hence there is no electrical 
deterioration of any kind. The leakage 
resistance can be relatively high without 
affecting the sensitivity of the ground de- 
tector. In one design, the monitor will 
sound the alarm if the leakage resistance is 
reduced to about 400 ohms. There are 
several installations of rotary converters 
in which dry concrete is the only insulation. 
The insulation, however, must be able to 
withstand full rated voltage, both alternat- 
ing and direct, for at least as long as it 
takes to clear the fault, and preferably 
continuously. 

Mechanically, the insulation is more of 
a problem because it must be designed so 
that dust, dirt, floor sweepings, moisture, 
etc., cannot bypass it readily. Stray flux 
from high-current units causes magnetic 
foreign particles to migrate toward the 
unit with the possibility of bypassing the 
insulation. Good housekeeping on the 
part of the user is a help in preventing such 
troubles. 

In some early installations, a 1/8-inch- 
thick sheet of glass laminate was used as 
the insulation under the enclosure, but 
this proved unsatisfactory because it could 
be bypassed too easily by foreign matter 
on the floor. A thickness of 3/4 inch is 
much more satisfactory. In some installa- 
tions, 3-inch standoff insulators have been 
used. 

Second, the high-resistance grounding 
protective relay would provide very good 
protection for the motors of motor-genera- 
tor sets of any voltage rating, but there 
During a ground 
fault in the motor winding, the frame of 
the machine is elevated to at least the line- 
to-neutral voltage of the a-c system, 
This same voltage is impressed upon the 
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commutator and windings of the d-c 
generator, which may not be able to take 
it. Therefore, one answer to this question 
is: Do not use the high-resistance ground- 
ing protective relay on any voltage higher 
than the voltage that the d-c generator 
windings and commutator can withstand. 
Another limitation is the availability of a 
relay of high-voltage design. In my 
opinion, the high-resistance grounding pro- 
tective relay should not be used for motors 
rated higher than 600 volts alternating cur- 
rent, 

I agree with Mr. Stratford’s statements 
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regarding the operation of disconnecting 
switches and the importance of the monitor- 
ing relay and alarm. Under no conditions 
should the structure or enclosure be left 
ungrounded. 

Mr. Lovelace’s discussion presents some 
very valid additional reasons why low- 
resistance grounding protection should be 
used for d-c structures and enclosures in 
electrochemical service, and is therefore a 
valuable adjunct to the paper. He also 
mentioned a few additional points in favor 
of the use of high-resistance grounding 
protection. 


Metal-enclosed equipment is, of cot 
much safer than the old open-type ec 
ment, because it will protect perso 
against faults in the equipment. Howe 
this is true only if personnel are kept 
side of the equipment while it is energ 
either by interlocks or operating inst 
tions. j 
Mr. Lovelace has helped consider 
to accomplish the purpose of the 
which was, as stated, to present the ad 
tages and disadvantages of high- and 
resistance grounding of d-c_ struct 
and enclosures. 
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